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For each exercise, construct the desired predicate using the first-order logical symbols,
as well as the symbols in the signature for the language, to be interpreted using the
provided structure.
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ga-e o To refute a logical consequence, we need only to refute a special example

- of it. Suppose the quasi-formulas A(x) and B(x) are atomic quasi-formulas
F(x) and G(x) respectively. Then we are to prove VxF(x) — V xG(x)
V x[F(x) = G(x)].

Proof. Set D = {a,3}. Form F(u) and G(u). Construct a valuation v
over domain D such that F¥ = {a} and G* = {8} or 0. The

1) P/ = 1

(2) F(u)*®/P) =0;

3) G(u)**/*) = 0;

where G(u)*(*/A) is irrelevant to the question. Then we obtain the following:
(4) VxF(x)" =0 (by (2));

(5) (VxF(x) = ¥xG(x))* =1 (by (4));

(6) (F(u) = G(u))*™/*) =0 (by (1),(3));

(M Vx(F(x) = G(x))” =0 (by (6)).

By (5) and (7) we obtain
VxF(x) = ¥xG(x) f ¥x(F(x) = G(x)).
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@ Exercise 100. Show that {(3x P(x)), (Vz (Vy (P(z) = Q) } F (Vy Q(y)).

Solution: Solution 1:

1. (3z P(x)) premise

2 (Ve (vy (P@) > Qy)) premisc

3. Yo fresh assumption

4. P(zq), zy fresh assumption

5 || (Vy (P(z) = Q(y))) Ve: 2

6. (P(zg) = Qyo)) Ve: 5

71| Q) e 4,6

8. Q(Yo) Je: 1, 4-7

9. (Vy Q) vi: 3-8

Solution 2:

1. (Fz P(x)) premise

2. (Ve (Vy (P(z) - Q(y)))) premise

3. P(z), x, fresh assumption

4. Yo fresh assumption

5 || (Vy (P(zo) = Q(y))) ve: 2

6. (P(zg) = Qyo)) Ve: 5

7. Q(yo) —e: 3,6

8. | (vy QW) Vi 47

9. (Vy Q(y)) Je: 3-8 Q

@ Exercise 101. Show that {(Jy (Va P(x,y)))} F (Vz (Jy P(x,y))).
Solution:

1. (Jy (Vz P(z,y))) premise
2. (Vx P(x,y,)), yo fresh  assumption
3. xg fresh assumption
4. P(zy,vy0) Ve: 2
5. (Jy P(xy,y)) Ji: 4
6. (Vz (Jy P(x,y))) Vi: 3-5
7. (Vz (Jy P(x,y))) de: 1, 2-6



@ State and prove all 4 of the FO variants of DeMorgan’s laws.

Sk

Solution:

Exercise 103. Show that {(Vz (=P (z)))} + (—=(3z P(x))). (De Morgan)

Solution:

Exercise 104. Show that {(3z (—P(z)))} F (=(Vx P(z))). (De Morgan)

Solution:

Exercise 105.

Solution:

Show that {(~(Vx P(x)))} F (3z (—=P(x))). (De Morgan)
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Exercise 102. Show that {(—(3x P(z)))} b (Vx (—=P(x))). (De Morgan)

(=(3z P(x))  premise

u fresh assumption
P(u) assumption
(z P(x)) di: 3

1 1i: 1, 4
(=P(u)) —i: 3-5
(Vx (=P(x))) Vi 2-6

NS e W

(Vo (—=P(z))) premise
(Jz P(x)) assumption
P(u), u fresh  assumption
(=P (u)) Ve: 2

1 1i: 3,4

1L Je: 2, 3-5
(=(3z P(x))) —i: 2-6

(Fz (=P(x))) premise
(Vx P(x)) assumption
(=P(u)), u fresh  assumption
P(u) Ve: 2

1 1i: 3,4

1 Je: 1, 3-5
(—(Vx P(z))) —i: 2-6

(—(Vx P(x))) premise
(—=(3x (—P(x)))) assumption
u fresh assumption
(=P(u)) assumption
(3z (=P(x))) Ji: 4

1 2,5

P(u) PBC: 4-6
(Vz P(x)) Vi: 3-7

1 1ii 1,8
(3z (=P(x))) PBC: 2-9
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Consider the following TM, which has input alphabet {1,x]}.
1/1.R

(A) Run the TM on the following input strings:
« 111x11

« 11x1

- x11

« 111x

(B) Describe, in words, what the TM does.

gOlc P

LA\ (\LS'M\ Cmvf-ﬂ. w‘lﬂ‘lf‘m\)

o %l sl 1 = Tsoilx )l = Tisolx 1= 11150x 1L = IBSB1 = 115, B8\
SN BEY p(ngs | (s, B8 D 111V s,B 1111 Bs, —!H!\lsq(s.//

* %W soxlI 3 Bs T — s, BRI TS,81 = 18,1 = |5,88 = (5,8
- \“}3| 9 \‘Sqﬂ//

U}S This TM takes two natural numbers in base 1, and adds
them. The two numbers are separated by an “x”.
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@ What is the language accepted by this TM?

ANSWER: This TM accepts precisely those strings containing an odd number of “01”‘s.

@ What does the following TM do? Here, the language is {a,A,b,B}.

AlaR
B/b.R
a/aR

b/b.R

>5 eeR @

ANSWER: |t takes any string and converts it to all lower-case.
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@ Peans Arthwsd provfls:

Exercise. Can you prove the following theorems of Peano arithmetic? You should prove the theorems in order, and you may use the
theorems you establish in the proofs of the following ones. (But you may not use later theorems to prove earlier ones to make sure

you avoid circular arguments!)

TpabFVz(0 +2) = 2.

Tpa WVavy (S(z) +y) = S(z +y).

Tpa PVeVyz +y=y+z.

Tpa b=z (0 % z) = 0.

Tpabvavy (S(z) xy) =z x y+y.

TpabVaVyz x y=y x .

Tpa FVavyyz (z x (5 + 2) = (@ x 9) + & x 2).
. TpabVavyVz(z + 2=y + 2=z =y).

Sk -
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Below are notes taken from the Winter 2025 edition of the course, taught by
Colin Roberts, describing how to prove 3.

This is a difficult exercise, admittedly. If you can’t do it formally, feel free to
instead replace “|-“ with “|=" in all the parts above.



21 Lecture 21 - Peano Arithmetic I1

Outline

1. Commutativity of +
2. Associativity of +
3. Soundness and Completeness of Peano Arithmetic

21.1 Commutativity of +

Remarks:

1. We know that + in N is commutative.
2. But the Peano Axioms do not say this explicitly.
3. Before we can safely use the commutativity of +, we need to prove it!

Theorem: Addition in Peano Arithmetic is commutative; that is,
D Fpa VXVY(X+y =y + X).

(Notation “@ Fpp” or “PA " means “provable [in FD] using the =~ and PA axioms”. For the
rest of this lecture, - means Fpy.)

How can we prove this result?
We must use induction (PA7). The key first step: choose a good formula, A, for the induction
property.
Choosing A(u) to be Vy(u + y = y + u) yields the base case
D FVy(0+y=y+0)

and the inductive case

D HV(Vy(x+y~y+x) - Vy(s(X) +y ~ y + 5(X))).
Then PA7 plus one application of (A+) plus one application of (— —) yield the desired formula

D Fpa VXVY(X+y Ry + X).

How should we prove Vy(0 +y ~ y + 0)?

We must use induction again, to prove the base case of the main result. To control the compli-
cation, let’s make it a lemma:

Lemma 21.1.1. Peano Arithmetic has a proof of

@ Fpa Vy(0+y =~ y+0).

132



Proof. The proofis by induction (PA7) with free variable v replacing y, and B(v) as0+v =~ v+0.

Basis: Prove

This is immediate from reflexivity of ~.
Inductive step: Prove
D rpaVy(0+y=~y+0—0+s(y) #s(y)+0).

Pick v free. Assume 0 + v =~ v + 0 (this is the antededent of the above implication, with the
bound variable y replaced by a free v). Then, informally,

0+ s(v) ~s(0+vVv) PA4
~ s(v+0) Assumption + EQSubs
~ s(V) PA3 + EQSubs
~s(v)+0 PA3 + symmetry of =~ .

« There will be a few more of these informal arguments throughout the lecture.
» We could formalize each of them, if needed.
« We will demonstrate this, by formally proving the above informal argument here.

From the above informal proof of 0 + s(v) ~ s(v) + 0, write a formal proof of

0+vaV+0tps 0+5s(V) =~ s(v)+0.

1 o F V(X + 0~ Xx) (by [PA3])

2 @ F o VxVy(x+s(y) # s(x+y)) (by[PA4])

k) o F VY0 +s(y) #s(0+y))  (by(V-),(2)

@ o F 0+s(v)~s(0+V) (by (V-), (3))

5 @ F v+0xvV (by (V-), (1))

6) @ F s(v+0)~s(v) (by EQSubs, (5))

7N o F s(v)+0=s(v) (by (V=), (1))

B 0+v~v+0 F 0+s(v)~s(0+vV) (by (+), (4)

9 0+vrv+0 F s(v+0)~sv) (by (+), (6))

(10) 0+v~v+0 F s(v)+0=~s(v) (by (+), (7))

(11) 0+v~v+0 F 04+vxV+0 (by (€))

(12) 0+v=v+0 F s(0+v)~s(v+0) (by EQSubs, (11))
(13) 0+vrv+0 F s(v)y=s(v)+0 (by Symm of =, (10))
(14) 0+v~v+0 F O0+s(v)~s(v)+0 (by EQTrans, (8), (12), (9), (13))

Now, complete this to a proof of

GEVYyO0+y~y+0—0+s(y) =s(y)+0).
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15) @ F 0+vaV+0—->0+s(v)~s(v)+0 (by (= +),(14))
16) @ F Vy(0+y~y+0->0+s(y) ~s(y)+0) (by(V+),(15))
(v does not occur in &)

Now using PA7, (A+) and (— —) completes the proof of the inductive step of the Lemma:
1) @ F ((0+0=0+0)AVy(0+y=y+0)— (0+s(y) =s(y) +0)))

- Vy(0+y=y+0) (by [PA7])
2 o F (0+0=0+0) (by Base Case)
B @ F YW(O+y=y+0) - (0+s(y) =s(y)+0))) (by Induction Case)
4 @ F ((0+0=0+0)AVy(0+y=y+0) - (0+s(y) =s(y) +0))) (by(A+),(2),(3)
3 @ F Vy0+y=y+0) (by (= —), (1), (4))

This completes the proof of the Lemma for the base case. B
The next Lemma provides the content for the induction step of the induction case.

Lemma 21.1.2. For each free variable u,
{Vy(u+y ~y+u)} Fpp Vy(s(u) +y x y + s(u)).

Why This Suffices:
« Once we establish the above, one invocation of (— +), followed by one invocation of
(V+) will produce the desired inductive step.
Proof. Strategy: induction on free variable v in place of y, where formula B(v) is s(u) + v =

v + s(u) (keeping u free throughout).

Basis:
@ Fpa s(u) + 0 ~ 0+ s(u).

The target follows from Vy(0 + y = y + 0) plus (V—) plus the symmetry of ~.

Induction:
D Fpa Yy (s(u) +y = y + s(u) = s(u) + s(y) = s(y) + s(u)).
Let a free v replace y. Assuming s(u) + v = v + s(u) yields, informally,

s(u) + s(v) ~ s(s(u) + v) PA4
~ s(v +s(u)) Assumption + EQSubs
~ s(s(v+u)) PA4 + EQSubs.

The premise of the Lemma implies u + s(v) = s(v) + u; thus, informally,

s(v) + s(u) ~ s(s(v) +u) PA4
~ s(u + s(v)) premise + symmetry of ~ + EQSubs
~ s(s(u +v)) PA4 + EQSubs.
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The premise of the Lemma also implies u + v &~ v + u. Then by symmetry and transitivity of
~, plus EQSubs twice, we obtain

s(u) + s(v) =~ s(v) + s(u),

so that the desired equation holds, as required.

Now applying PA7, (A+) and (— —) completes the proof of the lemma. l

Now for the main proof, taking A to be Vy(u + y ~ y + u), We have

e

(2)
(3)
(4)
(5)

Remarks:

%)
)
)
%)

%)

|_

TTTT

(Vy(0+y = y+0) AVX((Vy(x +y =y +x)) = (Vy(s(x) +y = y + 5(x))))))

- Vx(Vy(x+y Ry +Xx)) (by [PA7])
Vy(0+y=y+0) (by Base Case)
V(VyX+y ~ Y+ X)) = (Vy(s(X) + Y 2 v + 5(X))))) (by Induction C
(Vy(0+y~y+0) AVX((Vy(x+y =~y +x)) = (Vy(s(X) +y 2 y +5(x)))))) (by (A+),(2), (3
Vx(Vy(x +y =y + X)) (by (= =), (1), (

1. Now that we have proved the commutativity of +, we can freely use it, when needed!
2. The other familiar properties of addition and multiplication have similar proofs.
3. One can continue: divisibility, primeness, etc.

21.2 Associativity of +

Theorem 21.2.1. Addition (+) is associative:

D Fpp VXVYVZ((X+Y) + 2 & X + (Y + 2)).

Proof. We start by proving, for free variables u, v

DV¥pp VZ(U+V)+zru+ (V+2))

using PA7, on variable z.

Basis:

ey
(2)
(3)
4)
(5)
(6)

Induction;

QYA

TTTTTT

@ Fpa (W+ V) £8%u+ (Vv+0).

Vx(x + 0 = x) (by PA3)
(u+v)+0~ru+v (by (V-), (1))
v+0xrvV (by (V-), (1))
u+(vV+0)»u+v (by (EQSubs), (3))
u+vad+ (v+0) (by (Symm of =), (4))

(u+V)+0~u+(v+0) (by(EQTrans),(2),(5))

D rpaVz(u+V)+zru+(V+z) = (U+Vv)+5(z) % u+ (v+s(z))).
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