
















































































CS 245 Extra MT Practice

Problems Solutions
Disclaimer: 

These may not look like the problems you’ll see on the exam. They’re simply 
ones that I’ve found that I believe would be good for building dexterity with 
the concepts. Make sure to do the official practice problems, too.




























































































Syntax Basics

1.2

F 27
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3 Draw a parse tree for the following formula

leftleftleftpveeqrightleftrightarrownegrrightwedgenegsright
leftleftleftpveeqrightleftrightarrownegrrightwedgenegsrightSol

negsleftleftpveeqrightleftrightarrownegrright
S

nrleftpveeqright
r

pq




























































































Structural Induction

1 Prove that every varphiinLpleftsigmaright has at least

one propositional variable
Sol By structural induction on Lpleftsigmaright
Base case 4p Then varphiis itself a variable

Ind case

varphinegpsi Then by the inductive hypothesis IN
psihas geq1 variable hence so does varphi

varphipsimdlgwhtsquaretheta Dinleftwedgeveerightarrowleftrightarrowright Then b4 the IN

psitheta have geq1 var hence varphi hasgeq1 ver

2 Prove that every varphiinLpleftsigmaright has the same

of left parentheses as right parentheses
Sol By structural induction on Lpleftsigmaright
Base case 4p Then 4 has no parentheses so p is

vacuously true

Ind case

varphinegpsi Since pleftpsiright holds byIN also pleftpsiright holds

varphipsimdlgwhtsquarethetaDinleftwedgeVrightarrowleftrightarrowrightByINPleftpsirightPleftthetaright hold

To get varphi from 4 c
theta we add 1 i 1

so pleft4right holds angles

P




























































































(For the remaining ones, I’ll omit 
some of the boilerplate and just 
sketch the reasoning for the 
base and inductive cases).











































































4 Prove that in any varphiinLpleftsigmaright each of

the characters in leftveewedgerightarrowleftrightarrowright must occur

w string distance at least two bt them

I.e sth like wedgeldotsvee where the snotinleftveewedgeleftrightarrowrightarrowright
Sol Base varphipP Nosuch chars so vacuously true

Ind varphipsi B4IW two for Psi and

we add nv additional veewedgerightarrow
leftrightarrow

so it's the
few varphi

varphipsi DO B4IW the fa psitheta

varphileftldotsqrightmdlgwhtsquareleftrodotldotsright where qrinPbackslashodotinleft1Vrightarrowleftrightarrowright
Ry inspection this maintains distance 2 from angles on both sides angles

5
Ibasecase
wid casel

As far as accounting for the one new binary connective, note that its distance to 
adjacent binary connectives is minimized when we have formulas of the form:

Structural induction can also be applied to other sets, besides the set of formulas! For 
instance, consider the following “fun” exercise, taken from reddit.com/r/askmath:

See:

https://www.reddit.com/r/askmath/comments/1gm5dee/structural_induction/




























































































Semantics Argument Valid ty
1 Prove using truth tables that

p q equivleftleftprightarrowqrightwedgeleftqrightarrowprightright
Sol

2 Prove from the definitions that
varphiequivpsi if 431 4 and 4314

Sol varphiequivpsileftlanglerightrangle same truth value on every assignment

LeftrightarrowleftforallvvleftvarphirightTLeftrightarrowvleftpsirightTright
leftarrow forallvvleftvarphirightTRightarrowvleftpsirightT

and forallvvleftpsirightTRightarrowvleftvarphirightT
leftvarphirightneqpsi and leftpsirightneqvarphi

3 Prove from only the defin of F
that leftArightarrowleftBwedgeCrightrightFleftArightarrowBrightwedgeleftArightarrowCright

varphi psi
Sol let vleftAleftBwedgeCrightrightT Then
CASES 1 UleftArightF Then both vleftArightarrowBrightvleftArightarrowCrightT
since nuleftFrightarrowrightT Sc I by def.in vleftcdotwedgecdotright nuleftpsirightT
2 vleftArightT Then b4 def.tn of vleftcdotrightarrowcdotright have nuleftBwedgeCrightT
so hywedge vleftBrightT VleftCrightT

Below is a truth table. To see that they’re equivalent, it suffices to see that they have the 
same values on all input combinations, which is evidently the case.






























































































Since TrightarrowTequivT it follows that vleftABrightvleftArightarrowCrightT
hence vleftpsirightT
4 Prove the following

leftleftArightarrowBrightveeleftArightarrowCrightright ArightarrowleftBwedgeCright
a leftArightarrowleftBveeCrightrightneqleftArightarrowBrightwedgeleftArightarrowCright

Sol

1 vAleftrightarrowT
BleftrightarrowF
CrightarrowT

2 save as

1.5DualityTheorem from Sp 2025 ed of the conse

Hint StructuralInduction

In each case, it suffices to find a valuation acting as a counterexample to the definition of |=.

This means that it should satisfy the premises, but not the conclusion.

(In terms ofstrategy to find such a 
valuation, you can always use truth 
tables— but this is exhaustive. You 
might try playing around with 
substituting T and F into the 
formulas to try and find a good pick).




























































































6

angles



















































































Formal Proof Nat Deduction

1 Disjunctive normal form for s

Prove forallvarphipsi that leftvarphirightarrowpsirightleftnegvarphiveepsiright
and leftnegvarphiveepsirightleftvarphirightarrowpsiright

Sol Can substitute varphip psiq iyw

Other dw.in similar
2 Distributivity of 1 over v

Cpr qur 1 pra leftveeleftpwedgerrightright

D

The solutions are from the Fall 2017 edition of the course, taught by Alice Gao. They use a “double 
negation elimination” rule. Any time you see this rule, you can replace it with the sub-proof of double 
elimination, or form the alternative solution using RAA— it should be pretty easy. Also, they bracket 
things differently.




























































































3 leftleftprightarrowleftqrightarrowrrightrightpnegrrightnegq

4 Backwards DeMorgan's

leftleftnegalphawedgenegbetarightrightnegleftalphaveebetaright
Sol




























































































Soundness Completeness consistency satisfiability

Prove that forallGammasubseteqLpleftsigmaright TFAE

1 T is consistent
2 varphiinLpleftsigmaright sit lceilvarphi and lceilnegvarphi
3 psiinLpleftsigmaright sit lceilHpsi

Sol 1 3 Trivial take psifrac1

1 2 AFSOC exists such a 4 Then lceil1varphi and lceilnegvarphi

so it 6174 and pray

thus it a contradiction

2 3 let p be any prop variable

Then can take psi pmp in 3 since

if it prap it would prove p andup separately

violating 2 w varphip




























































































3

I satisfiable lceilconsistent

Sol lceil satisfiable existsvvleftGammarightT by definition

AFSOC I was inconsistent Then Gammabot

Now we split into cases based on It l and

derive a contradiction in each
CASE 1 Gammaphi Then we have phiHbotRightarrowphiFbot

Soundnesswhichis

absurd.CASEZrneq0 Then pick some pinP appearing

in one of the formulas of lceil

Since Gammafrac1 have ft prep so by Soundness

Tk prop so for our v we have v prep T
which is absurd

thereforeGamma is consistent

In Lemma 4 of Lecture 08 we showed that every consistent formula set is satisfiable. 
Now prove that every satisfiable set of formulas is consistent, thereby showing:




























































































4 Which of the following sets are consistent

1 varphiwedgeleftpsirightarrowthetaright varphirightarrowleftpsiwedgethetarightnegpsileftrightarrowtheta
2 leftvarphirightarrowpsipsirightarrowthetathetarightarrowxixirightarrownegvarphiright

Sol

1 No varphiwedgeleftpsirightarrowthetarightvarphi and varphivarphirightarrowleftpsiwedgethetarightleftpsiwedgethetarightpsitheta
But we also have negpsileftrightarrowtheta so one can show

psithetanegpsileftrightarrowthetapsiwedgenegpsibot hence lceil1bot

by transitivity

2

from 5.2 of LuZhongwan

5.3 LuZhongwan

Here leftrightt is the same
as vleftcdotright a valuation

Also 1T 0F

It depends. Note that by a previous problem, we can instead talk about 
satisfiability of the set of formulas in terms of satisfiability of phi, psi, xi, 
and theta.



If there exists a valuation so that phi is satisfied, and Gamma is satisfied, 
then it’s inconsistent as we can deduce phi and not phi.



But if there is no such valuation, then it’s consistent.








































































7 Theorem Compactness Theorem

every finite sum0subseteqsum

is satisfiable
sumsubseteqLpleftsigmaright is satisfiable

Ps 1 Obvious

sum

But Σ inconsistent ΣF Any proof of bot from Sigma

is necessarily finite in length Take the set of all varphi

appearing in this proof and call it Σ Cleanly

Sigma0subseteqSigma finite but still Sigma01frac1 Σ inconsistent

Eo unsatisfiable contradicting our assumption

In mathematical logic, compactness means that if a property holds for every finite 
subset of an infinite set of statements, then it must hold for the entire infinite set.



This terminology comes from topology. It turns out that one can build a topological 
space from the set of formulas. See, e.g, https://math.stackexchange.com/questions/
842/why-is-compactness-in-logic-called-compactness



Anyways, let’s prove a compactness property for satisfiability:

Since we know satisfiable iff consistent, suffices to AFSOC that 

is inconsistent, and derive a contradiction.















