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In this question, use the following proposition symbols.
p Istudy for exams.
q; [Igetgood grades.
q; Iwill pass the class.
r Ieathealthy food.
Translate each English sentence given into propositional logic.
(a) IfI study for exams, then I get good grades.
Solution: (p — q;)
(b) Ido not eat healthy food whether or not I study for exams.
Solution: ((p v (-p)) — (—1))
(c) I'will pass the class only if I get good grades.
Solution: (q; — q;)
(d) IfIdo not study for exams, then I get good grades only if I eat healthy food.
Solution: ((—p) — (q; — 1))
(e) I'will either pass the class or eat healthy food, but not both.
Solution: ((q, Vr) A(—(g, AT)))

Translate each of the followingisentences into formulas of the language of propositional
logic. Indicate explicitly, for each proposition symbol that you define, the statement that
it stands for.

(a) “Susan registered for the logic course, but Jenny did not.”

Solution: Define
p Susan registered for the logic course.

q Jenny registered for the logic course.
then write (p A (0q)).
(b) You get the mashed potatoes or french fries, but not both.

Solution: Define
p You get mashed potatoes.

q You get fries.
then write ((p vV @) A (0(p A Q)))
or ((p A (<)) V (=) A Q).
(c) Jenny loves opera, but she also likes BTS.

Solution: Define
p Jenny likes opera.

q Jenny likes BTS.
then write (p A q).
(d) She neither asserted this, nor hinted at it.
Solution: Define
p She asserted this.
q She hinted at this.
then write ((—p) A (—q)).
(e) Unless you give me a raise, I'll quit.
Solution: Define
p You give me a raise.
q Iwill quit.
then write ((—p) — q)
or (pVQq).
(f) Being skeptical is a necessary condition for achieving real knowledge.

Solution: Define
p One is skeptical.

q One achieves real knowledge.
then write (q — p)
or ((=p) = (~q)).
(g) You are alive only if you have oxygen.

Solution: Define
p You are alive.

q You have oxygen.
then write (p — q)
or ((=q) = (=p))-



(h) A sufficient condition for Jenny to pass the logic course is that she studies and does
her homework.

Solution: Define
p Jenny passes the logic course.

q Jenny studies.
r Jenny does her homework.
then write ((qQ A r) = p).
(i) If two lines lie in a plane, they will be parallel if and only if they neither intersect
nor coincide.

Solution: Define
p Two lines lie in a plane.

q The lines are parallel.
r; The lines intersect.
r, The lines coincide.
then write (p — (q < ((-1y) A (<1,))).
(j) Oscar does not attend class unless Jenny attends.

Solution: Define
p Oscar attends class.

q Jenny attends class.
then write ((—p) V q)

or (p — q). D
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@ 2.2.3. The degree of complezity of A & Form(LP) is defined by recursion:
deg(A) =0 for atom A.

{ deg((—A)) = deg(A) + 1.
deg((A * B)) = maz(deg(A), deg(B)) + 1.

[1] Show that deg(A) < the number of occurrer

A: | ='ttd\m
(2] Give examples of A such that < or = holds in [1].
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As far as accounting for the one new binary connective, note that its distance to
adjacent binary connectives is minimized when we have formulas of the form:
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Structural induction can also be applied to other sets, besides the set of formulas! For
instance, consider the following “fun” exercise, taken from reddit.com/r/askmath:

Exercise 9 Consider the set of formal strings (characters written without
any implied meaning). Define the set M as follows:

e The empty string € € M.

o Ifa,b € M then Qadb € M.
So for example, if a = O and b = OQdede then

Vadb =V O $ V0o
=

Show that for any m € M, the number of ©’s and &’s are the same.

See:
https://www.reddit.com/r/askmath/comments/1gm5dee/structural_induction/
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S(Ie-‘- Below is a truth table. To see that they’re equivalent, it suffices to see that they have the
same values on all input combinations, which is evidently the case.
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gp‘e 1 In each case, it suffices to find a valuation acting as a counterexample to the definition of |=.

This means that it should satisfy the premises, but not the conclusion.

Theorem. (Duality) Suppose A is a formula composed only of atoms
and the connectives —, V, A, by the formation rules concerned these
three connectives. Suppose A(A) results from simulaneously
replacing in A all occurrences of A with V, all occurrences of V with
A, and each atom with its negation. Then —A = A(A).



Translate the following argument in the language of propositional logic by using the
given proposition symbols.
Determine, with proof, whether the argument is valid (sound).
Premise 1 - If knowing is a state of mind (like feeling a pain), then I could always tell by
introspection whether I know.
Premise 2 — If I could always tell by introspection whether I know, then I'd never mis-
takenly think that I know.
Premise 3 — I sometimes mistakenly think that I know.
Conclusion — Therefore, knowing isn’t a state of mind.
Define proposition symbols
p Knowing is a state of mind.
q Icould always tell by introspection whether I know..
r Isometimes mistakenly think that I know.

Solution With the given notation, our premises and conclusion translate as
Premise 1: (p — q)

Premise 2: (q — (—r))

Premise 3: r

Conclusion: (—p)

We can prove that the argument is valid, for example, by using a truth table:

p q ri (p=>9|@—(m)]|(p)
1. 1 1 1 1 0 0
2.1 1 0 1 1 0
3.1 0 1 0 1 0
4. 1 0 O 0 1 0
5. 01 1 1 0 1
6. 0 1 0 1 1 1
7. 0 0 1 1 1 1
8, 0 0 O 1 1 1

By observation, we note that in all rows where all three premises are true (in this case
there is only such row, namely row 7), the conclusion is also true. This completes the
proof that the argument is valid.
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Suppose that ¥ - A and I' -~ A for some sets X and I of propositional formulas and
formula A. Does it follow that ZNT F+ A?

Solution: No. For example, take A = p, X = {p}and I' = {-=—p}. ThenZ NT = @, but
@ ¥ p (this can be proved by using the fact that @ ¥ p, and the contrapositive of the
Soundness Theorem).

Remark: A tautological consequence Z F C continues to hold when we add any premises
to . However, when we remove one or more premises from Z, the tautological conse-
quence may not hold anymore. D

@ In Lemma 4 of Lecture 08 we showed that every consistent formula set is satisfiable.
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2 \ It depends. Note that by a previous problem, we can instead talk about

satisfiability of the set of formulas in terms of satisfiability of phi, psi, xi,
and theta.

If there exists a valuation so that phi is satisfied, and Gamma is satisfied,
then it’s inconsistent as we can deduce phi and not phi.

But if there is no such valuation, then it’s consistent.

5.2.5. ¥ is said to be independent iff for each A € &, & — {A} |/ A. Prove
in propositional logic
[1] Each finite £ has an independent A C ¥ such that A |- A for all
Ael.

[2] Let © = {Ay, A2, A3, --}. Find an equivalent set A = {By, By,
Bz, -} (that is, for all 2, ¥ |- B; and A |- A;) such that
Bn+1 }— B, but'Bn V~ Bn+1 (n Z 1).

5.3.3. Suppose A contains distinct atoms py,---,pn and t is a truth valu-
ation. Fori =1, - n, let

A= {P, if pi‘ =1,
4 -p; otherwise.
Prove
[1] A*=1=> Ay, -, An |- A.
[2] A*=0= A,, yAn | DAL



In mathematical logic, compactness means that if a property holds for every finite
subset of an infinite set of statements, then it must hold for the entire infinite set.

This terminology comes from topology. It turns out that one can build a topological
space from the set of formulas. See, e.g, https://math.stackexchange.com/questions/
842/why-is-compactness-in-logic-called-compactness

Anyways, let’s prove a compactness property for satisfiability:

@M

every funke 3023
Z < M) uw setsfably &

WS Sd'k';s{'&\)\ﬁ, .

P‘( 4 (ﬁ\ . Ob\l'\.oﬂ/\,& .

(&) Since we know satisfiable iff consistent, suffices to AFSOC that Z
is inconsistent, and derive a contradiction.

But 2 wcomsstet = ZEL. Aw poof of L fowm T
s weessovily  fude i leagth- Toke the ot of o ¢
ypeorivd w UWS Peof awd cll b Z°. C\W\L’

23 fwde, bt sl SHEL D T wmonsisted

= 7° umselisioble, w&rdm’c‘w Qun dﬁSmPk‘m.






