

























































































CS 245 TUT 105 Tutorial

03Lasttime Why logic

Strings formulas syntax vs semantics

Structural InductionShould've done lasttime oops

This time Semantics Truth tables valuations satisfiabilit

Logical Consequence

Formal Proof




























































































Review:Semantics
Assigning weaving TF to prop l

formulae.LetvarphipsithetainLpleftsigmaright
or

Disjunction

Put

not
Negation

and
Conjunction
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TTTNOT

exclusive
on hi
inEngl:T

F
TFTTFFTF

TFTTFFTFFF FTF
if then

Conditional
leftHright

Biconditionalp
YpYe sY varphileftrightarrowpsi

TTT
F
T FT F

TFTT
F FT T

FFFT TF F

TTruthAssignments

Defin A truth assignment is a function

This is our set vPleftTFrightof propidvous
Atom L1o1

1Wecan extend this to a function on formulas

nuLpleftsigmaright leftTFright recursively Vic

If varphipi piinP then vleftvarphirightvleftpiright
varphinegpsi then vleftvarphirightnegvleftpsiright
varphipsiDtheta
mdlgwhtsquareinleftwedgevee1rightarrowleftrightarrowright

then vleftvarphirightvleftpsirightmdlgwhtsquarevleftthetaright
















































































Truth

Tables:Q
How many rows in a TT of a formula w n propilvars

A 2n

E.g Comit See 1.03

Satisfiability Tautologies

Contradictions:Defin
A formula is

• Truth tables give, exhaustively, the values of all truth assignments for a given formula.

• We will see that two formulae are “the same,” logically speaking, iff they have the same truth table.

In filling out a truth table for a formula, the idea is to work recursively.

Evaluate the truth values for the innermost operations, then work outwards.

• Satisfiable if there exists a truth assignment making it true.

◦Equivalently, there exists a row in its TT evaluating to T.


• A tautology if every truth assignment makes it true.

◦Equivalently, every row in its TT is T.


• A contradiction if no truth assignment makes it true.

◦Equivalently, every row in its TT is F. 











































































Logical Equivalence Consequence

Defin varphipsiinLpleftsigmaright are logically equivalent if for
everyDenotedvarphiequivpsi

or varphipsi
truth assignment v vleftvarphirightvleftpsiright

iDefinlet GammasubseteqLpleftsigmaright We say
varphi is a logical consequence

of lceil when every v satisfying all members of lceil

also satisfies 4 Denoted by
lceilneqvarphi

conclusionpremises

Weird Counterintuitive Eg s

phi1varphi 4 tautology

leftleftpwedgenegprightrightneqvarphi forany
varphi

leftarrow

leftp1rightcupleftleftpnpn1rightrightn1inftyneqpk for any kinmathbbN

Induction

SLOW
Ad hoc Also not covered

6 both Butmechanized

• Two formulas are logically equivalent iff their truth tables are identical.

• Note that the set       may be empty, or infinite.

More generally, any set of premises that 
contains a contradiction implies any formula.

To prove an argument is valid (i.e. conclusion logically follows from premises):



1. Identify all atomic propositions and assign each of them a propositional variable.

2. Encode the premises and conclusion as formulas in terms of these variables.

3. Show that the conclusion is a consequence of the premises, by:


A. Using truth tables

B. Using semantic calculus

C. Using formal proof.


























































































Formal

Proofs:Natural

Deduction System NDS

Deduction Rules ND has 15 deduction

rules.Usingthese rules we can say what a formal proof is

Defin We say a set of premises formally proves or

implies denoted 5 4 if there is a formal

proof w a finite of lines where

Each line is obtained by applying a deduction rule

All formulas used in PR lines occur in lceil

The last line of the proof is varphi and is not contained
in a subproof

An alternative, syntax-based way of proving things, relying on Soundness and 
Completeness theorems, which we’ll prove later.

In NDS, a proof is a (finite) sequence of lines.

Each line has 3 elements: 

• a line number, 

• a formula, and 

• a justification, consisting of a formal deduction rule and references to 

preceding lines in the proof to which it was applied. 

See the Quick Reference Guide from Eric Blais’ website, next page.



CS 245E Deduction Rules for Propositional Logic – Quick Reference Guide

PR (Premise) R (Re-iteration) AS (Assumption)

n. ω PR m. ω

n. ω R m

n. ω AS

→I →E (left) →E (right)

k. ω
l. ε

n. (ω → ε) →I k, l

m. (ω → ε)

n. ω →E m

m. (ω → ε)

n. ε →E m

↑I (left) ↑I (right) ↑E
m. ω

n. (ω ↑ ε) ↑I m

m. ε

n. (ω ↑ ε) ↑I m

i. (ω ↑ ε)
j. ω AS
k. ϑ

l. ε AS
m. ϑ

n. ϑ ↑E i, j–k, l–m

↓I ↓E

k. ω AS

l. ε

n. (ω ↓ ε) ↓I k–l

k. (ω ↓ ε)
l. ω

n. ε ↓E k, l

↔I ↔E (forward) ↔E (reverse)

k. (ω ↓ ε)
l. (ε ↓ ω)

n. (ω ↔ ε) ↔I k, l

m. (ω ↔ ε)

n. (ω ↓ ε) ↔E m

m. (ω ↔ ε)

n. (ε ↓ ω) ↔E m

¬I ¬E Reductio Ad Absurdum

k. ω AS

l. ↗

n. ¬ω ¬I k–l

k. ω
l. ¬ω

n. ↗ ¬E k, l

k. ¬ω AS

l. ↗

n. ω RAA k–l

↗E

m. ↗
n. ω ↗E m
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Practice Problems

1 Semantics

a Form TT for p q nr Decide if it's satisfiable tautology

contradiction.Soln

Satisfiable
NOTtontology
NOT HI satisfiable

b BONUS from Sp 25 ed of couse

l



Logical Consequence

pvarphij
lceil

Solin
FixjinN We're showing Gamma1varphij

Let v be any assignment sit foralliinNYUleftleftpirightarrowpi1rightrightT
CASES

1 vleftpjrightF Then trivially from the valuation of rightarrow

1

vleftleftpjrightarrowpj2rightrightT regardless of vleftpj2right s value
2 vleftpjrightT Then since vleftleftpjrightarrowpj1rightrightT1

vleftpj1rightT as well

Similarly Vleftpj1rightarrowpj2rightT implies Vleftpj2rightT
Thus TequivTrightarrowTequivuleftpjrightvleftpj2right

equivvleftleftpjrightarrowpj2rightright as needed

(Otherwise, we’d have T —> F, which evaluates to F.)



Formal Proof

a Commutativity of leftleftpwedgeqrightrightleftqwedgepright
1
2
3
4

PR

AE
wedgeI

Sol pre
p
q
anp 1132

b Associativity of leftleftleftpwedgeqrightwedgerrightrightleftpwedgeleftqwedgenrightright
PR
E

Sol 1 pwedgeqwedgevee
2

11225346
leftpwedgeqrightr3

4
5
6
7

E
E
Ep

q
leftawedgerright
p air

I
I

angles

c Commutativity of v leftleftpveeqrightrightleftqveepright
Sol 1

2
3
4
5
6

pug

aup

aup

PR
AS
VI
ASVI24
VE 1 2 3 4 5yup

d Transitivity of prightarrowa qtr 1 pen

Sol PR
PR
AS
c13
in24
I 35

1 peg
2 qr
3 p
q45
6

r

par
fin


