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CS 245E DEDUCTION RULES FOR PROPOSITIONAL LOGIC — QUICK REFERENCE GUIDE

PR (Premise)

R (Re-iteration)

AS (Assumption)
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Last time, we introduced the Natural Deduction proof system, along with its 15 rules
of inference. They’re displayed on the previous page.

A proof in this system is defined to be a finite sequences of lines of the form:
N Y Rue 272.2
whooe N lwe B Yelo),  and -

...“Rule” is one of the 15 deduction rules applied to previous lines “?,?,...,?” appearing
in the proof.
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You also learned about some common “Derived Rules” of logic, which can be
proven from the fundamental rules of ND:

+ Modus Tollens, aka “denying the consequent”:
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« Law of the Excluded Middle:

* Disjunctive Syllogism:

- DeMorgan’s Laws:
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Aside: Some of you may have heard about a notion of “DeMorgan’s Laws” in
elementary set theory...

¢ T¥ AB =X for some unwerse set X, Tuom:
(AvR) = An B (AR) = AtuBY,
whove A= XNA w5 te gt comglomdt  of A 4w X.
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(QAY= A i (Qu)°= War
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There is a nice interplay between the DeMorgan’s Laws of set theory and the
DeMorgan’s Laws of propositional logic; they’re basically the same.

The duality stems from the definition of intersection and union, which involve
conjunction and disjunction:

AQB‘.: €X€X3 xeAvxeR'g
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The proof of set theory DeMorgan’s therefore follows directly from these
definitions and the DeMorgan’s of logic.

N

Exercises:
1. Try to prove the 4 Derived Laws above, all by yourself.

2. Prove the (finite, 2-argument) DeMorgan’s laws of set theory using DeMorgan’s
laws for logic.
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We’ve learned two different notions of logical consequence / “analyzing arguments”:

[EY wd [FY.

It would be nice if these two notions are equivalent to each other; i.e., a set of
premises logically implies a conclusion iff there exists a formal proof of the

conclusion from the premises.

But we cannot expect this to be true without proving it.
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The proof of the Soundness theorem uses a couple of basic facts about logical
consequence:

Prog- 1
T¢ CEY  th oo [EY, V<) sA. ['2F.

Preg 2.
Let Te o) ol 9., %< U@ suh thet =% ., TES.
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Using these, we prove a few basic facts needed to prove the Completeness Theorem.

For instance, that consistent sets of formulas are satisfiable.
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2. L E I, I
3. (= pv ‘L) RAA 2-12 //

Show that there is no Natural Deduction proof to witness

§>q, r2q%— $p>v3 .

Sk: By Sowdwss Twe, [[FY = T'FY .

Tolww’ ta conbigqostwe, THY> [FF.

We will chene TRY by erhibitivg o wlwotom 2 -
VM F)=T bt p¥(P)=F:
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Suppose that £ + A and £ U {A} F B, for some set £ and propositional formulas A and
B. Is it always the case that £ - B? Provide a proof or a counterexample.

Sof-: T4 ol The case.  Proof:
By Soumdvess, 2FA wd 2VIMIEB unply ZFA owd
SV ER, respectvely. Lot Ut ke ony tath vl sl
VHE)=T. Swee 2FA YYA)=T.

Hone, 4 ZviM)=T. Awd sme ZviBIESB
also VFR)=T. Thw, we'we Shown thet ZEB.
B\, Completevess,  this wans Z+B.
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