

























































































CS 245 TUT 105 Tutorial 04

Last time Semantics Truth tables valuations satisfiability

Logical Consequence

Syntax Formal Proof intro

This time More examples of formal proofs

Soundness

CompletenessMeme
of the week



CS 245E Deduction Rules for Propositional Logic – Quick Reference Guide

PR (Premise) R (Re-iteration) AS (Assumption)

n. ω PR m. ω

n. ω R m

n. ω AS

→I →E (left) →E (right)

k. ω
l. ε

n. (ω → ε) →I k, l

m. (ω → ε)

n. ω →E m

m. (ω → ε)

n. ε →E m

↑I (left) ↑I (right) ↑E
m. ω

n. (ω ↑ ε) ↑I m

m. ε

n. (ω ↑ ε) ↑I m

i. (ω ↑ ε)
j. ω AS
k. ϑ

l. ε AS
m. ϑ

n. ϑ ↑E i, j–k, l–m

↓I ↓E

k. ω AS

l. ε

n. (ω ↓ ε) ↓I k–l

k. (ω ↓ ε)
l. ω

n. ε ↓E k, l

↔I ↔E (forward) ↔E (reverse)

k. (ω ↓ ε)
l. (ε ↓ ω)

n. (ω ↔ ε) ↔I k, l

m. (ω ↔ ε)

n. (ω ↓ ε) ↔E m

m. (ω ↔ ε)

n. (ε ↓ ω) ↔E m

¬I ¬E Reductio Ad Absurdum

k. ω AS

l. ↗

n. ¬ω ¬I k–l

k. ω
l. ¬ω

n. ↗ ¬E k, l

k. ¬ω AS

l. ↗

n. ω RAA k–l

↗E

m. ↗
n. ω ↗E m





































































































































































Review

N Y Rule

where N.is line psiinLpleftsigmaright and

for GammasubseteqLpleftsigmaright and varphiinLpleftsigmaright we say
Gammavarphi lceil

proves
varphi

if there is a formal proof whose last line is varphi w all

PR premise lines coming from lceil and no earlier line in the

proof contains
varphi minimality

conditionEg'sof formalproofs see 1.06 notes

leftprightarrowqnegqrightnegptleftpveenegprightleftleftpveeqrightnegprightq

negleftpveeqrightleftnegpwedgenegqright and negleftpwedgeqrightforallleftnegpveenegqright

Last time, we introduced the Natural Deduction proof system, along with its 15 rules 
of inference. They’re displayed on the previous page.



A proof in this system is defined to be a finite sequences of lines of the form: 

…“Rule” is one of the 15 deduction rules applied to previous lines “?,?,…,?” appearing 
in the proof.

You also learned about some common “Derived Rules” of logic, which can be 
proven from the fundamental rules of ND: 

• Modus Tollens, aka “denying the consequent”: 

• Law of the Excluded Middle: 

• Disjunctive Syllogism: 

• DeMorgan’s Laws:
































































If ABsubseteqX for some universe set X then

leftAcupBrightcAccapBc leftAcapBrightCACcupBC
where AcXbackslashA is the set complement of A in X

More generally for any family AizetaiinI of sets AisubseteqX

leftcupiinIAirightccap_iinIAic and leftcapiinIAirightccupiinIAic

AcupBleftxinXxinAveexinBrightAwedgeBleftxinXxinAwedgexinBright

Aside: Some of you may have heard about a notion of “DeMorgan’s Laws” in 
elementary set theory…

There is a nice interplay between the DeMorgan’s Laws of set theory and the 
DeMorgan’s Laws of propositional logic; they’re basically the same.



The duality stems from the definition of intersection and union, which involve 
conjunction and disjunction:

The proof of set theory DeMorgan’s therefore follows directly from these 
definitions and the DeMorgan’s of logic.

Exercises:

1. Try to prove the 4 Derived Laws above, all by yourself.

2. Prove the (finite, 2-argument) DeMorgan’s laws of set theory using DeMorgan’s 

laws for logic.

























































































Soundness Completeness

EY and lceilvarphi
semantic syntactic

Soundness Whenever we obtain a proof of 4 from T we
know that I must also follow from T

logically.ThSoundness of prop l logic

For every GammasubseteqLpleftsigmaright and varphiinLpleftsigmaright
lceilvarphiRightarrowGammavarphi

Youshouldalwaystry
andfindsuchinterpretations
whenyoumeetanewtheorem Alsoask why
doIcare Whatdoesthis
resultgiveusallowustodo

Prop 1

If FKY then also Gammaneqvarphi forallGamma1leqLpleftsigmaright sit lceilsupseteqlceil

Prop 2

Let GammasubseteqLpleftsigmaright and varphi1ldotsvarphikinLpleftsigmaright such that Gammapmvarphi1ldotsGammaneqvarphik
If psiinLpleftsigmaright is s.t leftvarphi1ldotsvarphiurightpsi then lceilneqpsi

Prop3

We’ve learned two different notions of logical consequence / “analyzing arguments”:

It would be nice if these two notions are equivalent to each other; i.e., a set of 
premises logically implies a conclusion iff there exists a formal proof of the 
conclusion from the premises.



But we cannot expect this to be true without proving it.

Intuitively:

“Our system of propositional logic + Natural Deduction cannot prove 
false statements.”

The proof of the Soundness theorem uses a couple of basic facts about logical 
consequence:

Semantic forms of all 15 rules of natural deduction.

(Omitted. See notes!)
































































































Completeness Any time we have a logically valid argument

of varphi from lceil we should be able to find a proof of 4 from T

Defin GammasubseteqLpleftsigmaright is

consistent when lceilHbot
inconsistent when Gammafrac1 and

maximally consistent when lceil is consistent and

for any varphinotinGamma U 43 is inconsistent

Otherresults omitted Seenotes

Thu Completeness of propil logic

for every GammasubseteqLpleftsigmaright and rhoinLpleftsigmaright GammavarphiRightarrowGammavarphi

Thus lceilvarphiLeftrightarrowlceilneqvarphi very satisfying

End Review

Intuitively,

“Whenever something is true in proposition logic, there exists a proof for it in ND.”

Using these, we prove a few basic facts needed to prove the Completeness Theorem.



For instance, that consistent sets of formulas are satisfiable.




























































































Practice Problems

1 Formal Proofs
a Double negation

p3 p up
pSol Sol

p
7ppNotice

the
order
1,2
1

3ASPR12
34.12

3
4

PR
AS
EIpp E

RAA1,2
2 3p

b Excluded middle prop

Sol
1 p unppASASVI right2
3
4
5
6
7
8
9

pvnegp

p
purp

purp

231E
AS
VI left 5

61
1 2 4 5 7

Delta

E
VE
RAA 18

c DeMorgan's I Not in the notes png pung

Sol
1 7 png
2 puna

PR
AS
AS
VI right

p
pv q

q
purq

3
4
5
6
7
8
9

10.3

4,2E
AS
VI left 6

7,2
3 5
6 8

E
RAA

RAApq

This line is missing 
from the proof in Eric 
Blais’ notes!






















































AI E9,10111112
pry

hpvalRAA13
Soundness

2 12
11

leftprightarrowqrrightarrowqrightleftprightarrowrright

Sol By Soundness Thn lceilvarphi TFY

Taking the contrapositive THY lceilforallvarphi

We will show T 4 by exhibiting a valuation upsilon

vlefttaurightT but vleftvarphirightF
let vpleftrightarrowT vleftprightarrowqrightT

vleftrrightarrowqrightTThenqleftrightarrowTrleftrightarrowF
but VleftprightarrowVrightF so this v shows 5 4 heme He

anglesSoundness

Completeness:Sol
It is always the case Proof

By Soundness sumA and Σv A3t B imply SigmaFA and

sumUleftArightB respectively Let v be any truth valin sit

vleftSigmarightT Since SigmaFA UleftArightT
Hence vleftSigmacupleftArightrightT And since ΣU A31 B

also VleftBrightT Thus we're shown that SigmaFB

By Completeness this means sumB
Fm

Show that there is no Natural Deduction proof to witness


