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Review

E.g from the notes

negwedgeVrightarrow leftrightarrow

forallexists
Logical Symbols

Common to ALL
FOLongsx1x2x3x4ldotsUVWXyZ

Non logical symbols
Vary bit languages

Today, we graduate from the study of Propositional logic to the study of First Order 
logic (FOL).



Q. Why do we need FOL?

A. Typically, in math, we like to talk about things… functions, relations, objects, sets. 
We need to be able to create statements describing things like equality of objects, 
containment, inequalities, and quantified statements about collections of objects. 
None of these can be done with plain Propositional logic.

Unlike in the propositional case, in FOL there is not a single “language.” Instead, we 
define a class of languages, consisting of:

• Logical connectives:

• Quantifier symbols:

• Punctuation symbols:

• Variable symbols:

• Equality predicate symbol:



…as well as:



• A set of constant symbols:

• A set of function symbols:

• A set of predicate/relation symbols:
























































































arity the of arguments to an interpretation of

a function or relation

symbol.Eg let mathcalFlefttimessimexpright
eleftpilnleft2rightright

RleftInQright
defin of the arity fu cry i on FUR

aryleftrightavyleftxrightavyleftrightavyleftright2
aryleftsinrightoryleftexprightaryleftInQright1

A common

is

EUFUR ary

E.gs ofsignatures
Number theory left0stimesright
Graph theory leftEright

Group theory left1right
Ring theory left01timesright
Given a signature sigma

Our alphabet is Sigmaleftsigmaright logicalsymbols usigma

On language is Lleftsigmaright formulas over alphabet sumleftsigmaright
definedbelow

Terms Formulas

• The signature of a FOLang is the union of the sets of constant, function, 
and relation symbols, together with their arity function: 

Terms are strings representing elements or objects of the domain. They’re defined 
recursively.





















































































Def n A string s is a term if

s is a variable or constant symbol

sfleftt1ldotstnright where finFqryleftfrightn and t1ldotstn terms

sleftt1circt2right where oinmathcalF is binary t1t2 terms

Eg s:Non e.g s

3leftx2rightSleftSleftSleftSleft0rightrightrightrightleftx1xleftx20rightright 2xxxx3x3xleft3xrightveenegleft3xright
Defin A string s is a formula if

sPleftt1ldotstnright for some PinmathbbR w a4leftPrightn t1ldotstn terms

sleftt1circt2right for some binary 0inmathbbR tens t1R1t2
S is of the form

leftvarphiwedgepsiright leftvarphiveepsiright 1 leftvarphirightarrowpsirightnegvarphi leftvarphileftrightarrowpsiright

for varphipsipsi femular

Sforallxvarphi or sexistsxvarphi for some variable X ferula 4

Non e.gs

Qleftxrightforallx
forallxexistsxPleftxxright

Eg s

leftleftleftleft32right5rightwedgeleft51rightrightrightarrowleftleft32right1rightrightleftSleft0right0Sleft0rightright
leftforallxexistsyleftleftxyright0rightrightwedgeleftnegforallxleftx0rightright

We include this in the definition so we can write binary operations as “infix,” instead of “prefix”.

Formulas are statements about terms (objects). They’re also defined recursively.

Note that this case contains the 
special logical equality symbol, “=“. 






























































































Unique Pausing Thu for terms

faulas:Eg
leftleftPleftUrightwedgeforallxleftPleftxrightrightarrowPleftSleftxrightrightrightrightrightarrowforallyPleftyrightright

forallyPleftxrightPleftyrighty
leftPleft0rightwedgeforallxleftPleftxrightrightarrowPleftSleftxrightrightrightright
forallxleftPleftxrightrightarrowPleftSleftxrightrightrightPleftOright

1leftPleftxrightrightarrowPleftSleftxrightrightright0

Pleftxright PleftSleftxrightright

SleftxrightX

X

A formula is

atomic when it's of the farm Pleftt1ldotstnright PinRavyleftPrightn a

ti terms
compound O w

bound when it is associated w a quantifier
forallxvarphi or existsxpsi
free 0w
closed if it contains we free vers

Closed formulas are also called

sentences.End
Review

Basically, every term / formula for a FOLang has a unique parse tree corresponding to it. 

Alternatively, it appears below a \forall / \exists node in a parse tree.



















































































Practice Problems

FOL Natural language
translation:binary

op.hn for
exponentiation e.g leftarightbabemathbbZcupleftpi2ieright

mathcalFleftcdotdivleftcdotrightcdotright
RleftmathbbRleftcdotrightmathbbQleftcdotrightmathbbZleftcdotrightmathbbNleftcdotrightright

Leto

mathbbR 1 Qleftcdotright mathbbZI l Nleftright to indicate that a number is

real rational integral
Translate the following sentences in Lleftsigmaright into English

a Nleft0right

b forallxforallyleftleftxyrightleftyxrightright
c forallxforallyforallzleftleftleftxcdotleftyzrightrightleftleftxcdotyrightleftxcdotzrightrightrightwedgeleftleftleftxyrightcdotzrightleftleftxcdotzrightleftycdotzrightrightrightright
d forallxleftnegleftx0rightrightarrowexistsyleftleftxcdotyright1rightright
e forallxleftleftleftleftxcdotxright1right0rightrightarrowleftleftxirightveeleftxirightrightright
f forallpleftmathbbZleftprightwedgeleftp2rightwedgeforallzleftmathbbZleftpdivzrightsleftzleftvrightzprightrightright 97 Z pdiv2

natural resp

g negleftexistsxexistsyexistszexistsnrightgeqleftnrightwedgegeqleftxrightwedgemathbbZleftyrightwedgemathbbZleftzright
n2wedgex2wedgey2wedgez2

simleftleftleftxrightnleftyrightnrightleftzrightnright

Consider our universe of discourse to be the complex numbers, and give all these 
symbols the usual interpretation in that setting, as well as the unary predicates

[I’m playing a bit fast and loose with the bracketing in some of 
these examples —e.g., not bracketing a chain of conjunctions 
because of associativity, using square brackets— because 
otherwise these would be impossible to read.] 




























































































2 Natural language FOL translation

fromSp2025 Tut 06




























































































Parse Tree Free Bound var identification

Sp25

Sol c

forallxleftexistszGleftzrightveeWleftvxrightright

forallyleftFleftyrightwedgeleftuomegarightrightleftfleftyrightwedgeleftuwrightrightleftUwright existszGleftzrightveeWleftvxright

existszGleftzright Hleftvxrightfleftyright

Xw Gleftzright VuY

Z

b

c which vans are free which are bound in thisformula

Free uvw
Bound xyz

Fim

Assuming this is a well-formed formula, which type of symbols are F, G, 
and H, based on context? Function or relation?



A.: Relation.



What is their arity?



A.: ary(F)=ary(G)=1, ary(H)=2.











