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Today, we graduate from the study of Propositional logic to the study of First Order
logic (FOL).

Q. Why do we need FOL?

A. Typically, in math, we like to talk about things... functions, relations, objects, sets.
We need to be able to create statements describing things like equality of objects,
containment, inequalities, and quantified statements about collections of objects.
None of these can be done with plain Propositional logic.
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To see why we need to go beyond propositional logic in the study of mathematics, consider the following basic argument:

3+2=5
5>1
L3+2>1

We can analyze this argument with propositional logic. The three statements “3 + 2 = 5", “6 > 1", and “3 4+ 2 > 1" are each propositions.
And all three of these propositions are atomic since we can’t break them up into simpler propositions with our logical connectives A, V, —,
—, and <. So the only formalization of this argument we can make is by assigning each of these propositions their own variable:

p:34+2=5
qg:5>1
r:3+2>1.

The original argument can be analyzed using these propositional variables. Its premises form the set {p, q} and its conclusion is r. But
{p, q} ¥ r, so we cannot verify the validity of the argument using propositional logic.

What went wrong here?

The problem is that we have to “break up” the atomic propositions above to properly analyze the argument. We have to use the fact that “
3+ 2 =>5"and “5 > 1" are not just generic and completely independent statements but rather statements about numbers that involve
specific constants (here, 2, 3, 5, and 1) from some domain, functions (like addition) applied to the numbers, and predicates (like equality or
greater than) about the numbers that are either true or false.

This is exactly what first-order logic will let us do.

Unlike in the propositional case, in FOL there is not a single “language.” Instead, we
define a class of languages, consisting of:

« Logical connectives: AV o e

« Quantifier symboils: V “-_']

+ Punctuation symbols: ( ) )

+ Variable symbols: UVWERYE X X X3 %y
+ Equality predicate symbol: —

..as well as:

A set of constant symbols: C
* A set of function symbols: F
A set of predicate/relation symbols: "f)\,
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- The signature of a FOLang is the union of the sets of constant, function,
and relation symbols, together with their arity function:

(CeFoR, ay).
Eq's of Symatures:
Mobas Pramy: 10,5, %, 5%
- G theoy:  3EY
o vap t'f\w\,'- 21) “‘75
: R'mﬁ theoy: 0,1, +,% %
Cwmen © s'uqna‘l'/m g .-
- Owv olphahet 1w 2(o) 1= 2 logcoR symbalsd v 0~
¢ Ow lMM s Llg) = § Gruwdas over olphobd o)
Tewms & Trualos:

Terms are strings representing elements or objects of the domain. They’re defined
recursively.
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Formulas are statements about terms (objects). They’re also defined recursively.
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Basically, every term / formula for a FOLang has a unique parse tree corresponding to it.
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Consider the following specifications:
Domain: “all people in the world”
individual symbols, with their interpretations
a: Ayer and j: Jessica
function symbols, with their interpretations
m(u): returns the mother of u.
relation symbols, with their interpretations

~
~

£
G(u) : “u speaks German”
A(u) : “uisadept in the Python programming language”
S(u,v): “uand v are siblings”

Propositional Connectives
-, /\, V, -, .
Quantifiers
v,3
Punctuation Marks
Translate each of the following statements into a syntactically correct Predicate (or
first-order) logic formula:

(a) Exactly one person speaks German.
Solution:
(G AVY(G(y) = y = X))

(b) Not all people speak German.

Solution 1:

(mVxG(x))
or
Solution 2:

Ix(~G(x))

(c) Atleast one student is adept in the Python programming language.

Solution 1:
IxA(X)
or
Solution 2:
(Vx(~A(X))
(d) All people are adept in the Python programming language.
Solution 1:
VXA(X)
or
Solution 2:
(mIx(~AX))
(e) Ifa person speaks German then they adept in the Python programming language.
Solution:

Vx(G(x) = A(X))

(f) There is no person who speaks German and is not adept in the Python program-
ming language.

Solution:
(73x(G(x) A (RAX))))
(g) Ayer is Jessica’s sibling and is not adept in the Python programming language.
Solution:

(8G.a) A (mA(a)))

(h) Ayer’s mother speaks German.
Solution:
G(m(a))
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Given the following first order logic formula

C = (Wy(F(y) A (u & W) > Vx(32G(2) V H(V, X))

(a) Draw the parse tree of C.
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(\A\ » Assuming this is a well-formed formula, which type of symbols are F, G,
and H, based on context? Function or relation?

A.: Relation.
What is their arity?

A.: ary(F)=ary(G)=1, ary(H)=2.
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