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Review

arityfunctionLleftsigmaright
usignaturesigmaEUFUR cryleft3right7FOlong over sigma

constant function relation

symbolsE.g

forallxforallyleftleftxpirightleftypirightrightarrowleftPleftzrightwyrightright
has bound vars xy free was z 1 w
It is NOT a

sentence.E
g

Primeleftxrightleftx1rightwedgeforallyforallzleftleftxleftycdotzrightrightrightarrowlefty1veeyzrightright
a shorthand for this famula

Last time, we introduced signatures… these are collections of constant, function, 
and relation symbols that together specify a given first order language:

We defined FOLangs for a given signature by first defining terms over that signature, 
then formulas— both were inductive definitions.



We also defined what it means for formulas to be atomic & compound, free & bound. 

Formulas without free variables (i.e., all vars bound) are called sentences.

Only sentences can be given an interpretation (T or F) — see next section.



Formulas which are not sentences can be thought of as specifying definitions for 
objects (when interpreted). 



In other words, if a term subbed into a free variable of a formula gives T when 
interpreted, then the term can be thought of as “satisfying” the property specified 
by that formula. 

You are free to define formula shorthands like this, and sub them into other formulas or sentences.

















































































Other useful shorthands conventions when writing formulas

Given finite set I leftvarphiirightiinIsubseteqLleftsigmaright I

wedge_iinIvarphiivarphii1wedgevarphii2wedgeldotswedgevarphiileftIright

V_iinIvarphiivarphii1wedgevarphii2wedgeldotswedgevarphiileftIright

Eg P1rightarrowleftP2rightarrowleftP3rightarrowleftldotsrightarrowPnrightrightldotsright

You may write t1neqt2 instead of negleftt1t2right 1

t1t2 tens

nexiststimesPsi instead of negleftexistsxvarphiright

etc.DefIf varphiinLleftsigmaright Y is a free variable and t a term

then philefttrightphileftytright is the formula obtained by
subbing t in for all instances of y in varphi

E g If varphiforallxleftxomegaomegaxright then
varphi

w 0 forallxleftx00xright

• You are also free to use ellipses, as long as it is clear and unambiguous what 
formula you are trying to specify— bracket carefully.

Now, we would like for the formulas we write down to have some meaning. For this we 
need semantics.

Another syntactic notion that was missed by the notes: substitution.












































































Semantics:Defin

The structure u for a signature or specifies
Delta

The domain D a non empty set of elements

An alt cmuinD for each cine
A function fmuDnD for each n ary finmathcalF

A subset PusubseteqDn for each n avy PinR

E.g sigmaleft0Stimesright w different structures

natural interpretation us with fruits

MNleftNomumusmuxmuright vs muf apple bananacherry

D SmuOmumuXmu

Note that domains can be anything… finite, infinite, countable, uncountabl— as long 
as they’re nonempty. Weird, pathological things happen if we allow empty domains.

Also, we can assign the same value to multiple distinct constant symbols.

First, we want to be able to interpret our signature as genuine mathematical 
structures encoding constants, functions, and relations. 































































































Defin Given a structure u on Lleftsigmaright the valuation

of a sentence 4 with respect M

is:Validity

Satisfiability Consequence

Defin

M satisfies the sentence varphi1 devoted muvarphi

when ValmuleftvarphirightT i

varphi

is satisfiable if there exists an M s.t M FY
varphi

is logically valid when every M satisfies
varphi

It.c we write Fvarphi

Eg sigmalefts0timesright forallx1forallx2leftleftx1x2rightleftx2x1rightright
satisfiable via MN but NOT valid e.g A fruit

NOTE: Formulas with free variables do not get truth valuations.



















































































Defin 4 is a logical consequence of GammasubseteqLleftsigmaright deneted

lceilvarphi

if every structure that satisfies f satisfies
varphi

Axioms models

theories:Defin
A model for a theory T corresponding to a set

of axioms lceil is a structure M which satisfies all
elements of T

End Review

• Sets of sentences in a FOLang are called axioms.

• The (first-order) theory corresponding to a set of axioms is the set of sentences 

that are logical consequences of the set of axioms.






























































































Practice Problems

The Theory of Graphs Let sigmaGleftEright

Let uGleftVE6Eright where

V somesetof vertices

binary predicate

E some set of ordered pains leftuvrightuvinV
devoting edges bt vertices

Each graph GleftVEright gives a distinct sigma6 statue u6

a The graph has geq2 vertices

varphiaexistsuexistsvleftnegleftuvrightright
u

VleftuvwrightEleftleftuvrightleftvwrightleftwwrightright
w

6cdot u6cdot
V

cdotldotsG x1x2x3Alt

u6VleftX1X2X3X4ldotsrightEcupi1inftyleftleftxixi1rightrightinfinite snake
graph

For each of the following English sentences,

• Translate it into FOL.

• Find a model for it (i.e., draw a graph satisfying that property).

• Write down the formal definition of the structure for this model. 




























































































b The graph has exactly one vertex

varphibforallxforallyleftxyright

G

uVleftnrightEphi
I OR

existsuleftleftuurightwedgenegleftexistsvleftuneqvrightrightrightmu6

c The graphcontains a triangle

varphic existsuexistsvexistswleftEleftuvrightsimEleftvwrightwedgeEleftwurightright
x3

x4G
x2

x1Vleftx1xnrightEleftleftx1x2rightleftx1x3rightleftx3x1rightleftx2x4rightrightu6

d The graph is a complete graph
i e every vertex is connected to every
other vertex

varphidforallxforallyleftleftxyrightveeEleftxyrightright
W x

G UGVleftuxyzright
Eleftwxrightleftwyrightleftwzright
leftxyrightleftxzrightleftyzrighty Z

Note that because of the requirement that our domain 
is nonempty, we don’t need to specify the clause that 
says there exists at least one vertex; this is automatic 
when interpreted. 




























































































e The graph has exactly k vertices

Ye existsx1existsx2ldotsexistsxkleftleftwedge1leqijleqkneqxjrightwedgeforalluleftbeginmatrixVki1endmatrixuxirightright
x2

x1 x3
G U6Vi1kleftxiright

Ecupi1k1leftleftxixi1rightrightcupleftleftxkxirightrightxnddots x1

x5x6

f The graph is k regular ie every vertex

has exactly k edges including self loops

forallvexistsx1existsx2ldotsexistsx4leftwedge_i1kEleftvxirightwedgenexistsuleftEleftuvrightwedgewedge_i1kuneqxirightright
w k21

Vu
G mu6ldotsinz

v

g The graph doesn't have a self loop

Yg forallxnegleftEleftxxrightright

G u6 i ez




























































































2 Proof

Question:Sub

Fim

Is it possible to formulate the following sentences in our FOLang? 

• “The graph has infinitely many vertices.”

• “The graph is connected.”

• The graph is acyclic, i.e. has no (non-self) loops.”

Decide on your answer to these questions, and provide an (intuitive) proof.

No. Intuitively, to address the first sentence, “The graph has infinitely many 
vertices,” one would need to say that these vertices exist and are all 
pairwise distinct. This necessarily requires a formula of infinite length, which 
isn’t allowed.



A similar argument applies for the other statements.



We will see how to prove these statements formally in a couple weeks, 
using the Compactness Theorem.













































