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Last time, we introduced signatures... these are collections of constant, function,
and relation symbols that together specify a given first order language:
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We defined FOLangs for a given signature by first defining terms over that signature,
then formulas— both were inductive definitions.

We also defined what it means for formulas to be atomic & compound, free & bound.
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Formulas without free variables (i.e., all vars bound) are called sentences.
Only sentences can be given an interpretation (T or F) — see next section.

Formulas which are not sentences can be thought of as specifying definitions for
objects (when interpreted).

In other words, if a term subbed into a free variable of a formula gives T when

interpreted, then the term can be thought of as “satisfying” the property specified
by that formula.
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You are free to define formula shorthands like this, and sub them into other formulas or sentences.
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+ You are also free to use ellipses, as long as it is clear and unambiguous what
formula you are trying to specify — bracket carefully.
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Another syntactic notion that was missed by the notes: substitution.
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Now, we would like for the formulas we write down to have some meaning. For this we
need semantics.



S ewaunt .S

First, we want to be able to interpret our signature as genuine mathematical
structures encoding constants, functions, and relations.
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Note that domains can be anything... finite, infinite, countable, uncountabl— as long
as they’re nonempty.
Also, we can assign the same value to multiple distinct constant symbols.
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e Evaluation of terms. For any constant ¢, function f, and term ¢,

valp(c) = M

valu(f(t)) = M (valm(t))

e FEvaluation of predicates. For any terms tq,ts, . ..,t, and predicate P,

B [ True if valp(ty) = valam(ts)
ValM((tl N tz)) a {False otherwise

_ JTrue if (valp(ty),-- -, valp(t,))) € PM
valm(P(ty; -5 tn)) = {False otherwise

e Evaluation of quantifiers. For any variable v and formula ¢, if we let qﬁ[v/d] denote the formula obtained by replacing all free
occurrences of v in ¢ with d for some element d € D, then

True if 3d € D such that valy(dp,/a) = True
False otherwise

True if Vd € D,valm(y/a) = True

False otherwise

valp(Fvg) = {
valp (Vv ) = {

e Fvaluation of connectives. The evaluation of compound formulas follows the same rules as in propositional logic:

valp(o A ) = valm(p) A valm(y)
valp(g V ) = valm(e) V valm(y)
valp(—¢ = —valr(¢)
valp(e — ) = valuy(p) — vala(ep)

¥
valM(¢ <~ ’(/)) = valM(¢) — valM(w). .
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+ Sets of sentences in a FOLang are called axioms.
« The (first-order) theory corresponding to a set of axioms is the set of sentences
that are logical consequences of the set of axioms.

Dof v, A wodd £ a ’C\/\um‘ T cmwcs‘oomd'mj RS |
of avewms | is a sbrudbwe M whih  sulisfies

elewents of T.

~—— G\IJ pQA,'.,Q,V\, -



— ProCl?iLE P(o\)levwsi —

@ The T‘Muv\! ot ()\fDPlM. let %1=§E3

l}?/* AG..:(V) E6=E\ \A/\LQ/@

V= { ks
E={

§

Com groph G=(V,€) ¢wes o dastuet Og~shutwe M.

For each of the following English sentences,

+ Translate it into FOL.

- Find a model for it (i.e., draw a graph satisfying that property).
- Write down the formal definition of the structure for this model.
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(b) “The groph Wos exadtl, owve vetex.”
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@ Proof Quuestion:

Is it possible to formulate the following sentences in our FOLang?

+ “The graph has infinitely many vertices.”

+ “The graph is connected.”

« The graph is acyclic, i.e. has no (non-self) loops.”

Decide on your answer to these questions, and provide an (intuitive) proof.

Seh...  No. Intuitively, to address the first sentence, “The graph has infinitely many
vertices,” one would need to say that these vertices exist and are all
pairwise distinct. This necessarily requires a formula of infinite length, which

isn’t allowed.
A similar argument applies for the other statements.

We will see how to prove these statements formally in a couple weeks,
using the Compactness Theorem.
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