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We can extend the Natural Deduction proof system that we had for Propositional
Logic to First Order Logic:

» Proofs are finite sequences of formulas.

- Wewrite [ ¢ when there is a proof all of whose “PR” lines come from
and whose last formulais ¥ .

+ The deduction rules from Propositional logic also apply here.
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We have some more deduction rules for FOL:

Universal Elimination rule. When Vz ¢ appears in the proof and ¢ is any term that does not contain any variable which become
bound when it is substituted into ¢, we can eliminate the V quantifier using substitution:

m. Vx ¢

n. p[x/t] VE m !

Universal Introduction rule. When ¢ appears in the proof and contains a free variable v that does not appear in the premises or
undischarged assumption, we can introduce the V quantifier:

m. ¢

n. Vx ¢[v/x] VI m

Existential Introduction rule. When ¢ appears in the proof, ¢ is a term in ¢, and z is a variable that does not appear in ¢, we can
introduce the 3 quantifier:

:

n. dx @[t/*x] dI m




Existential Elimination rule. When v is a variable that does not appear in ¢ or in ¢, then we can eliminate an existential quantifier:

— -
Vv

i. dx ¢
i- [ erx/v] As
|
k. |9
n. ¥ 3E i, j-k

Identity Elimination rule. For any terms ¢ and u and any formula ¢,

"'--..)

k. t=u
1.
n. g[t/*u] =E k, 1
and
t=u
n. plu/*t] =E k, 1

|

Identity Introduction rule. At any line in the proof, we can always add an identity from a term ¢ to itself:

n. t =t =1

In lieu of examples, let’s jump right in and do some practice problems...
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(‘ 1> De AA‘O{QQA\‘S \Aws v In Lecture 12, you saw a proof of Vx"“f gt Ele

The other three implied laws were left as exercises. Let’s do one of

them here:
“VYaY¥ — IxY

o-e.' y l. 7 ueY PR

Sol.'n 3 _'_;‘ﬁx_,\f e
3 Vx ¢ AS
LSRR T FE e et See 106 G
v V) w\we -
A AP
€. Wy Y "‘I ?-/;0
G, | |7 I« L1 vesuld .
\0 . L -t 29
. I~V RAA 2-10 Q

EXERCISE: Prove the remaining two FO DeMorgan’s Laws yourself! :)
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EXERCISE: Do the two other directions yourself! :)
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