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Review

Try4
Recall

Substitution If V is free in varphiinLleftsigmaright and t ten

varphileftvtrightinLleftsigmaright is obtained by subbing in t for V

Partial Substitution If t u tens then

varphileftturightinLleftsigmaright is obtained by subbing in

some or all instances of t in 4 by u

forall

We can extend the Natural Deduction proof system that we had for Propositional 
Logic to First Order Logic:



• Proofs are finite sequences of formulas.

• We write                 when there is a proof all of whose “PR” lines come from 

and whose last formula is

• The deduction rules from Propositional logic also apply here. 

We have some more deduction rules for FOL:
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In lieu of examples, let’s jump right in and do some practice problems…






























































































Practice Problems

forallxnegvarphinegexistsxvarphiDeMorgan's laws

negforallxvarphi 1 negexistsxnegvarphi
PR
AS
AS
E 3
Doublenegation See 1.06Gpf1

2
3
4
5
6
7
8
4
10
V1

Solin negforallxvarphi
7 existsxnegvarphi
forallxnegnegvarphi
774leftxrightvrceil
varphileftxvright
forallxvarphi I 5

E 1,6I 3 7
L 12 result
E 2,9
RAA 2 10

x 4
7 existsxnegvarphi

existsxnegvarphi

The other three implied laws were left as exercises. Let’s do one of 
them here:

In Lecture 12, you saw a proof of

EXERCISE: Prove the remaining two FO DeMorgan’s Laws yourself! :)






























































































forall Distributivity

a show forallxleftvarphiwedgepsirightforallxvarphiwedgeforallxpsi
Pf 1 forallxleftvarphiwedgepsiright

varphiwedgepsileftxvright
PR
E

mathbbR
AE
AE
I
I
AI

not in varphiwedgepsi1
2
3
3
4
572

3
4
8
6
7
8
varphileftxvrightwedgepsileftxvrightvarphileftxvrightpsileftxvrightforallxvarphiforallxpsiforallxvarphiwedgeforallxpsi

becausevarphisimpsileftxarightvarphileftxrrightwedgepsileftxaright

b show existsxleftvarphiveepsirightexistsxvarphiveeexistsxpsi

existsxleftvarphiveexrightvarphiveepsileftxvrightvarphileftxvrightveepsileftxvrightvarphileftxvrightexistsxvarphileftvxrightexistsxvarphiexistsxvarphiveeexistsxpsi

Pf 1
2
3
4
5

6
7
8
9
10
11
12.1
13

PR
AS
R
AS
I
R
VI
AS
I
R
VI
VE

E2

becausevarphipsileftxtrightvarphileftxtrightpsixt
4
5
6

becausevarphileftvxrightvarphileftxright
psileftxvright
existsxpsileftvxright
existsxpsi
existsxvarphiveeexistsxpsi

existsxvarphi existsxpsi
existsxvarphi existsxpsi

8
9
10
3
1

same reason as 6
4 7 8 11
2 12

EXERCISE: Do the two other directions yourself! :)















































































GroupTheory Recall

lceilG i forallxforallyforallzleftxcdotleftycdotzrightrightleftleftxcdotyrightcdotzrightforallxleftleftxcdoterightxwedgeleftecdotxrightxrightforallxexistsyleftleftxcdotyrightewedgeleftycdotxrighteright
a Show GammaGlefteerighte
Pf 1

2
3

PR
E 1
re 2

forallxleftxcdoterightxwedgeleftecdotxrightx
leftecdoterightewedgeleftecdoterighte

leftecdoterighte

b show GammaG c forallxleftleftxcdotxrightxrightarrowxeright

1
2
3
4
5
6
7
8

0
1
2
3
4
5
6
7
8

AS
PR
E 2
AS
AE y
pR
forallinG
forallE7
forallindelta
in19
in510
PR
forallin12

Pf

leftgcdotgrightgforallxexistsyleftleftxcdotyrightewedgeleftycdotxrighterightexistsyleftleftycdotyrightewedgeleftycdotgrighterightqcdothewedgehcdotqegcdotheforallxforallyforallzleftxleftyzrightrightleftleftxyrightzrightforallyforallzleftgcdotleftycdotzrightrightleftleftycdotyrightcdotzrightforallzleftgcdotleftgcdotzrightrightleftleftgcdotyrightzrightgcdotleftgcdothrightleftgcdotqrightcdothgcdotleftgcdothrightgcdothgcircee

forallxleftxcdoterightxsimleftecdotxrightxleftgcdoterightqwedgeleftecdotgrightqleftgcdoterightggege 13
141 I
3 4 18
1 12
17

wedgeEvarepsilon
in

rightarrowI
v
leftharpoondown frac1leftgcdotyrightgrightarrowgeforallxleftleftxcdotxrightxrightarrowxeright

Fim

Ideas:

• The only way to prove this statement is with \forall introduction; work backwards.

• We want to prove an implication, so we should assume a specialized version of the 

—> premise, and then prove the conclusion, then invoke (—> I).































































































































































































