

























































































CS 245 TUT 105 Tutorial

10Lasttime FOL formal Proofs

Examples.Thistime FOL Soundness

CompletenessMeme
s of the week

Again

In light
of recent

events

















































































Review

Correction to a definition from earlier

valuation To define a valuation values first define a

variable assignment s Folvers D where

D is the domain of our structure u

Then we can also define

valusleftxrightsleftxright 1 for any variable X

V dmuleftvarphiright instead of vdUsleftvarphiright
Also connections to errors in famal proof defins

existsin
varphi

1 psi the premises or any undischarged assumptions

E Can't always sub t for u or vice versa in varphi

In general the goal is to avoid naming collisions
w the variables inside varphi as having collisions

creates a semantically different formula

Anyways onto new stuff

The rest of the definition is straightforward, and similar to what we already had.



We note that in the case our formula phi is a sentence, we don’t actually need to worry 
about the variable assignment, and can so just write

The variable v introduced must be new; it can’t appear anywhere else in 

You can only do this when the variable instances appearing in t or u are 
not bound in phi. 








































































Soundness

Thu Soundness For any subset of sentences

GammaleqLleftsigmaright sentence varphi lceilvarphiRightarrowrceilneqvarphi

for any GammasubseteqLleftsigmaright and varphiinLleftsigmaright F varphi

means that
for any structure assignment pair leftusright and
valuation volmusLleftsigmarightrightarrowleftTFright

VdmusleftTrightTRightarrowVdmu1leftvarphirightT
wearing forallpsiinGamma val leftpsirightT

Proof strat:

In class, we did something slightly different than what’s in the notes.

• We first used our new expanded definition of valuation to generalize our definition 

of logical consequence to formulas, not just sentences: 

• Then, we proceeded by induction directly on the line number of the proof, showing 
that each line of a formal proof is a logical consequence of the premises and 
undischarged assumptions on that line, just like in the Propositional Logic version of 
Soundness.

















































































Completeness
Thu Completeness For any subset of sentences

GammaleqLleftsigmaright sentence varphi GammavarphiRightarrowGammavarphi

Def A subset GammaleqLleftsigmaright is

consistent if lceilforallbot
inconsistent if lceilfrac1

maximally consistent if consistent AND forallvarphiinLleftsigmaright
either varphiinGamma or negvarphiinGamma

Prop 1 forall maximally consistent GammasubseteqLleftsigmaright and sentences
varphi psi

lceilvarphi varphiinGamma

GammaHvarphi varphinotinlceil

varphisimpsiinGamma varphiinGamma and psiinGamma

varphiveepsiinGamma Yet or psiinGamma

varphirightarrowpsiinGamma PAT or psiinGamma

varphileftrightarrowpsiinGamma both or neither of psi 4 are in lceil

Pf Exercise

See Problems Section

Proof strat: Same idea as in Propositional Logic.

• We want to show every consistent set of sentences is satisfiable, i.e. has a model.

• Instead of trying to show this directly, we first show it for a “special class” of 

consistent sets — (namely, Maximally Consistent sets) — then extend to all 
consistent sets using Zorn’s Lemma.











































































Def GammasubseteqLleftsigmaright is called saturated if

for any varphiinLleftsigmaright containing a single free var X

there is a constant cinLleftsigmaright so that leftexistsxvarphisvarphileftxcrightrightinGamma

Prop 2 let GammaleqLleftsigmaright be maximally consistent saturated

Then forallvarphiinLleftsigmaright containing a unique free var X

existsxvarphiinGamma there exists a closed tern t sit varphileftxtrightinGamma
forallxvarphiinGamma for any closed ten t varphileftxtrightinGamma

Pf seenotes

maximally consistent
saturated

has w predicates

we want to constant a model Mr of lceil

GOAL For any GammaleqLleftsigmaright which is

so that for any sentence
varphi

value leftvarphirightT varphiinGamma

Besides our useful notion of maximal consistency, we need the set of 
sentences that we consider to satisfy some additional properties that let us 
deal with quantifiers.



For this, we introduce another definition:

If a set is both maximally consistent and saturated, it has the following additional 
useful properties related to quantifiers: 

Now, we prove the Completness theorem for maximally consistent, saturated 
sets… actually, a subset of these, namely those consisting of formulas that do not 
use “=“.





















































































Key idea Build a universe out of terms

Def n The termmodel Mr for lceil sating is defined b

the domain Dr terms of Lleftsigmaright3
constants CMrC
functions fMrleftt1ldotstnrightfleftt1ldotstnright
n any predicates PMrleftleftt1ldotstnrightPleftt1ldotstnrightinGammaright

Prop3 For every closed ten t vdmurlefttrightt Pt

notes.Lemma4 for any GammasubseteqLleftsigmaright sating and varphiinLleftsigmaright
w o the symbol MGammaneqvarphiLeftrightarrowvarphiinGamma

Factoring the Term Model
The Mr we constructed in the last section doesnt satisfy

containing Now to fix this Mod out by
formulas that result from substituting tt

Using this, we can prove the special case of the Completeness Theorem…











Pf

notes.PG

notes

End review

Finally, we can prove the completeness theorem:






























































Practice Problems

Soundness

Prove Proposition 1

Sol cdotGammavarphiLeftrightarrowvarphiinGamma trivial
Suppose Gammavarphi AFSOC varphinotinlceil

Then negvarphiinGamma so Gammanegvarphi so lceilvarphisimnegvarphibot wearing
lceil is

inconsistent a contradiction

varphirightarrowpsiinGammaLeftrightarrownegvarphiinGamma w psiinGamma

varphirightarrowpsiinGammaLeftrightarrowGammavarphirightarrowpsiLeftrightarrowGammaneg f veepsi negvarphiveepsiinGamma
DNFful41ˢptroperty1ˢᵗ prop

negvarphiinGamma or psiinGamma
4ᵗʰ

property1
Completeness Roadmap

Other parts are similarly easy, but you should prove them in order, 
that way you can use previous parts to prove later parts.

One way (my personal favorite) of making such a roadmap is graphically; the 
roadmap consists of all lemmas, or important “sub-results” or steps in the proof as 
nodes, and arrows joining them can either be basic logical implication or checking 
of the hypotheses, or it can be labeled with a high-level description of how the next 
result in the chain is deduced from the previous one. 

The proof of the Completeness Theorem in first order logic is a difficult proof… it’s 
long, and combines several concepts and ideas that we’ve seen earlier in the course, 
plus introduces some new ones.



Whenever you encounter a long and/or difficult proof of a theorem, one helpful 
exercise in understanding it is to make a “roadmap” stating the result, and outlinining 
the high-level ingredients to the proof.












































































Anyways EXERCISE

Open ended Answers may vary

These “roadmaps” can be adapted to any level of detail that you like, and can tell you 
how to systematically decompose a difficult problem into reasonable chunks, and 
how far along you are in understanding (or creating) a proof. See this post by Terence 
Tao, which mentions the Blueprint tool for LEAN 4, a similar idea: https://
terrytao.wordpress.com/2023/11/18/formalizing-the-proof-of-pfr-in-lean4-using-
blueprint-a-short-tour/

Create a blueprint for the proof of Completeness. 

It should include all the major lemmas / results in the proof, as well as short 
descriptions of definitions that we introduce in order to get it to work.






























































































3 Soundness Completeness

u

Thus mupmA but U B so leftAright B as needed mdlgwhtsquare Fim

One can show directly that this is a valid counterexample for logical 
implication:


















































forall Distributivity

a show forallxleftvarphiwedgepsirightforallxvarphiwedgeforallxpsi
Pf 1 forallxleftvarphiwedgepsiright

varphiwedgepsileftxvright
PR
E

mathbbR
AE
AE
I
I
AI

not in varphiwedgepsi1
2
3
3
4
572

3
4
8
6
7
8
varphileftxvrightwedgepsileftxvrightvarphileftxvrightpsileftxvrightforallxvarphiforallxpsiforallxvarphiwedgeforallxpsi

becausevarphisimpsileftxarightvarphileftxrrightwedgepsileftxaright

b show existsxleftvarphiveepsirightexistsxvarphiveeexistsxpsi

existsxleftvarphiveexrightvarphiveepsileftxvrightvarphileftxvrightveepsileftxvrightvarphileftxvrightexistsxvarphileftvxrightexistsxvarphiexistsxvarphiveeexistsxpsi

Pf 1
2
3
4
5

6
7
8
9
10
11
12.1
13

PR
AS
R
AS
I
R
VI
AS
I
R
VI
VE

E2

becausevarphipsileftxtrightvarphileftxtrightpsixt
4
5
6

becausevarphileftvxrightvarphileftxright
psileftxvright
existsxpsileftvxright
existsxpsi
existsxvarphiveeexistsxpsi

existsxvarphi existsxpsi
existsxvarphi existsxpsi

8
9
10
3
1

same reason as 6
4 7 8 11
2 12


