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What: Given (a,), use analytic properties of generating function (GF)
A(z) = Zanz" to derive facts about (a.).

n>0
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A(z) = Zanz" to derive facts about (a.).
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Why: Because it may work (asymptotically) when other methods fail.

Ordered partitions of [n] = {1,2,...,n}
Ways of “chopping” [n] into parts and listing the parts. E.g. ({1,2},{3}),
({3},{1,2}) and ({1,2,3}) are some ordered partitions of [3].
Let a, = |{ordered partitions of [n] having no singleton blocks}|.

No “nice” formula for a,, but

3(2)

we can use the singularities of x
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Oftentimes, the types of singularities of a GF correspond to its representation.
We have a hierarchy of such GF representations.

Algebraic
D-finite

D-algebraic
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Oftentimes, the types of singularities of a GF correspond to its representation.

We have a hierarchy of such GF representations.

Algebraic
D-finite

D-algebraic

Definition
F' is called D-finite if there exists a positive integer d and polynomials
po(2),p1(2),...pi(z) € Clz] such that

Pa(2)F @ (2) + - + p2(2)F" (2) + p1(2) F'(2) + po(2) F(2) = 0.
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Another important GF class

Let

e z=1(z1,...24) be complex variables,

o F(z) = Z fil,i2a<-47id2?z;2"'zid = Z‘fizi’

01,52 ,-0,5g >0 ieNd

e T = (7‘1, ...,Td) S Zi.
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Let

e z=(z1,...24) be complex variables,

° F(z) = Z filyiz,m,idzilzéz "'Zid Z fiziv

11,12,...,89 20 ieNd
_ d
o T = (7‘1, ...,Td) €Zy.
Definition

Given a multivariate power series F'(z) and a direction 7, the r-diagonal of F'
is

(ATF)(t) = anrtn-

When 7 = 1 we call A, F' the main diagonal and denote it by (AF)(¢).
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Diagonals appear in many places...

Univariate GFs which are multivariate rational diagonals appear in the study of:

Lattice paths
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Definition
Let R(z,t) be rational and v C C% a deformation of a small product of circles
about 0. The period of R with respect to 7 is the integral

I(t) :%R(z,t)dz.

7/29



Diagonals are rational periods

Let R(z,t) be rational and v C C?% a deformation of a small product of circles
about 0. The period of R with respect to 7 is the integral

I(t) = j{ R(z,t)dz.

Given F(z), its r-diagonal A, F' is a period, and periods are D-finite.

7/29



Diagonals are rational periods

Definition
Let R(z,t) be rational and v C C?% a deformation of a small product of circles
about 0. The period of R with respect to 7 is the integral

I(t) = 7{ R(z,t)dz=.

Given F(z), its r-diagonal A, F' is a period, and periods are D-finite.

Thus, diagonals belong in our hierarchy...

Algebraic

To study A, F, we study linear differential
operators L such that L(A,F) = 0.

‘

D-algebraic
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Explicit Error Bounds for ACSV SagePeriods Package
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Project 1:
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Vn > N, |for — Au(n)| < C I/\)l+1

for simplest case in ACSV.

e Apply it to sequence positivity.
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Implement algorithm of Lairez for
computing rational periods in

Sage.
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Project 1: Project 2:

Explicit Error Bounds for ACSV SagePeriods Package
e Turn statements like e Implement algorithm of Lairez for
n computing rational periods in
for =Au(n)+ 0 (#) Sage.

e Apply implementation to
computing diagonals of rational

7 .
Vn > N, |for — Au(n)] < C# functions.

into statements like

for simplest case in ACSV.

e Apply it to sequence positivity.
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Given F(z) = Z fizt and r € Z,, write F = G/H for polys G and H with
i€Nd

ged(G,H) =1 and H(0) # 0.
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Given F(z) = Z fizt and r € Z,, write F = G/H for polys G and H with
ieNd

gcd(G,H) =1 and H(0) # 0.

Question:

For a given M € Z,, how do we compute Ays(n) such that
fnr — >\]\/I (’I’L) + O (p71,/n]\4+1)
where p is the dominant exponential growth of Ap;?

Answer:

Take inspiration from the univariate case!
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Answer: Take inspiration from the univariate case!

Step 1: Start with Cauchy integral expression

1 F(z)
fn’r‘ = " / dz7
(2’7Tl)d T(o) Znr+l

where T'(o) is a product of circles with radii |og|.

Step 2: Bound |fnr| as a function of o
Step 3: Find critical points.

Step 4: Find minimal critical points.
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Roughly speaking,
e minimal points: can deform Cauchy integral close to them.

e critical points: can locally approximate integral.
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ACSV Background

Roughly speaking,
o minimal points: can deform Cauchy integral close to them.

e critical points: can locally approximate integral.

Generically, there are a finite number of minimal critical points.
A minimal critical point o is called

o strictly minimal if {H(z) =0} NT(o) = {o},
o finitely minimal if {H(z) =0} N T (o) is finite.
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ACSV Background

Assuming strictly minimal critical point o with “nice” geometry:
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Assuming strictly minimal critical point o with “nice” geometry:

o Step 5: Localize Cauchy integral to neighborhood A of &.

o Step 6: Reduce to residue integral x|by introducing exponentially smaller
error.

e Step 7: Approximate x with saddle-point method.
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Assuming strictly minimal critical point o with “nice” geometry:
o Step 5: Localize Cauchy integral to neighborhood A of &.

o Step 6: Reduce to residue integral x|by introducing exponentially smaller
error.

e Step 7: Approximate x with saddle-point method.

Note:

—nr
o

i S — A(0)e @ g0
PDF_figs/torus.pdf X (2m)d-1 /[7&5](171 (0)e
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Assuming strictly minimal critical point o with “nice” geometry:
o Step 5: Localize Cauchy integral to neighborhood A of &.

o Step 6: Reduce to residue integral x|by introducing exponentially smaller
error.

e Step 7: Approximate x with saddle-point method.

Note:

—nr
o

i S — A(0)e @ g0
PDF_figs/torus.pdf X (2m)d-1 /[7&5](171 (0)e

sub-exponential factor
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But in order to evaluate , we need the following.

Definition
The point o is called nondegenerate if the Hessian matrix H of ¢ at 0 is
nonsingular.
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But in order to evaluate , we need the following.

Definition
The point o is called nondegenerate if the Hessian matrix H of ¢ at 0 is
nonsingular.

Fact [Melczer '21]
det H has a formula, hence we can easily tell if o is nondegenerate or not.
After evaluation of x, we get the following:

Theorem [Pemantle-Melczer-Wilson '23]

Suppose that o is as above, and such that H.; (o) # 0 for some j € {1,...,d}.
Then for any nonnegative integer M there exist computable constants
Co,...,Cy and H such that

M
e ()2 (2m)079D/2 Lk —M-1
for=0"""n 7det @) ,;:0 Crx (rjn) "+ 0O (n ) .

13/29



How do we turn this into bounds?

Recall:

If o is a nondegenerate, strictly-minimal smooth critical point, we:
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o Step 5: Localize Cauchy integral to
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Recall:

If o is a nondegenerate, strictly-minimal smooth critical point, we:

o Step 5: Localize Cauchy integral to
neighborhood A of &.

PDF_figs/torus.pdf
o Step 6: Reduce to residue integral x by

introducing exponentially smaller error.

e Step 7: Approximate x with saddle-point X = (;T /NAe_"d’
method. 4 N

All three steps in this process require some approximation, hence require
“explicit” versions.
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We must construct a § defining a torus neighborhood
N ={5e?:0¢c[-56""}

so that:
1. We can parametrize z; in our singular variety {H(z) = 0} i.t.o. Z € N.

2. We can isolate a pole in z; in a small annulus about o, then take residue.
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We must construct a § defining a torus neighborhood
N ={5e?:0¢c[-56""}

so that:
1. We can parametrize z; in our singular variety {H(z) = 0} i.t.o. Z € N.

2. We can isolate a pole in z; in a small annulus about o, then take residue.

Lemma [Melczer-S '26+]

Let o be strictly minimal critical. Then we can construct a 6 > 0 defining
N = {5e”?:0€[-6,6""} and a function g : N — C accomplishing 1.

Lemma [Melczer-S "26+]

We can restrict d so that for each fixed z € T, there is at most one pole of F’
when |z;] € [|oj] — 6, |oj| 4 6]. If Z € N this pole is g(Z).

15/29



Doing that and applying univariate residue theorem, we construct an integral

—nr

[ea
= A(6)e " dg
X (27T)d—1 \/[76,6]‘1*1 ( )6

with  A(@) = rational function in &¢’® and ¢ (c?eie)

g (a,eie)

and ¢(0) =log 9@

+i(7- 0).
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Doing that and applying univariate residue theorem, we construct an integral

with

and

0_—77,1"
- g A(0)e @ qp |
X (2m)d-t /[76,6]'1*1 (6)e
A(0) = rational function in e and ¢ (&eie)

g (a,eie)

#(0) = log @)

+i(7- 0).

Need to show x is “good” approximation for fy,.

Proposition [Melczer-S '26+]

If F admits some strictly-minimal smooth critical point o in the direction 7,
one can construct a ¢ > 0 and 0 < 7 < |o| ™" so that for all n,

| frr — x| < ecr™.
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—nr
g

After taki esidues, we get R A(0)e™*®) 40
r taking residues, we g X am)T /[,5,5]01—1 (0)e ,

I(n)
with  A(8) = rational function in e’® and g (ae*’)

g (a_eie)

and ¢(0) =log 93

+i(7-0).

Proposition [Melczer-S '26+]

Let o be as above, and also nondegenerate. For any M € Z the integral I(n)
has asymptotic expansion

(271_)((1,1)/2 M-1 »
det(r; H)1/2 Z Cen ™,

£=0

Spr(n) =n~@71/2

for explicit constants H and Cy. Moreover, there is an an explicit error
Enm(n) =0 (n*<d*1>/2*M) so that |I(n) — Sar(n)| < Ear(n).
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Theorem [Melczer-S '26+]

Let F, 7, j,o be as above. For any M € Z, there is an asymptotic expansion

o M—1

g — — —

Mi(n) = G gyan et )2 Y om ™,
£=0

an error expansion Ep(n) = O (|a'|””n(1’d>/2’M), and an integer N so
that for all n > N, | for — Am(n)| < Enm(n).
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Theorem [Melczer-S '26+]

Let F, 7, j,o be as above. For any M € Z, there is an asymptotic expansion

o M—1

g — — —

Mi(n) = G gyan et )2 Y om ™,
£=0

an error expansion Ep(n) = O (|a'|””n(1’d>/2’M), and an integer N so
that for all n > N, | for — Am(n)| < Enm(n).

This can be generalized to the cases where:
e I has a higher-order pole at o.

e O is finitely minimal.

18/29



PDF_figs/4

99_illustration.pdf

If X = Aam(n) > 0 we have the following:

Corollary

(fnr) is positive if fo, fr, for, ..., f(n—1)r are positive.

Used similar ideas to [Baryshnikov et al. '18] t
where leading asymptotic \g is positive.

o derive a couple function classes

19/29



Applications of Positivity:
o Discretizations of PDEs [Szegd 1922]

o Existence & Uniqueness of solution for Canham model of biomembranes
[Melczer-Mezzarobba '23]
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o Discretizations of PDEs [Szegd 1922]

o Existence & Uniqueness of solution for Canham model of biomembranes
[Melczer-Mezzarobba '23]

Examples: The following functions are totally positive.
1 1

1l—x—y—2z+4dayz e2(l—z,1—y,1—2,1—w)
1 1

es(l—w1—y,1—21—w) o= it dz - a
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Applications of Positivity:
o Discretizations of PDEs [Szegd 1922]

o Existence & Uniqueness of solution for Canham model of biomembranes
[Melczer-Mezzarobba '23]

Examples: The following functions are totally positive.

1 1
1l—z—y—2z+4zyz * e2(l—z,1—y,1—2,1—w)
1 1
L[]
es(l-—z,1 -y, 1-2z1-w) ‘1oz — —agtdaraa

Recent work:

e On Positivity and Minimality for Second-Order Holonomic Sequences
[Kenison et al. '20]

o Positivity Proofs for Linear Recurrences through Contracted Cones
[Ibrahim-Salvy '24]

e Positivity Proofs for Linear Recurrences with Several Dominant
Eigenvalues [lbrahim '25]
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Switching gears...
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Periods and Creative Telescoping

Recall...

Given F(z), its r-diagonal A, F' is a period, hence is D-finite.

So, given A, F' there exists £ such that L(A,F) = 0.
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Periods and Creative Telescoping

Recall...

Given F(z), its r-diagonal A, F' is a period, hence is D-finite.
So, given A, F' there exists £ such that L(A,F) = 0.

Write software that algorithmically computes such an L.

Software for computing £:
e Mgfun by F. Chyzak (2000), for Maple
e HolonomicFunctions by C. Koutschan (2010), for Mathematica
e Periods by P. Lairez (2014), for MAGMA
e MultivariateCreativeTelescoping by H. Brochet (2026), for Julia

22/29



Our implementation is

e based off of Lairez' algo & MAGMA package.
o designed for compatibility with:

. ore_algebra by M. Kauers et al. (2013)
. sage_acsv by A. Luo et al., (2023)

o aimed at (algebraic or analytic) combinatorialists.
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Our implementation is

e based off of Lairez' algo & MAGMA package.
o designed for compatibility with:

. ore_algebra by M. Kauers et al. (2013)
. sage_acsv by A. Luo et al., (2023)

o aimed at (algebraic or analytic) combinatorialists.

sage: from sage_periods import compute_diagonal_annihilator| as diagonal
sage: var('w x y z u')

sage: diagonal (1/(1-x-y))

> (t - 1/4)xDt + 1/2

compute_diagonal_annihilator(R, r=None, vari=None, Dt=None, t=None)

compute_period_annihilator (R, t, Dt)

23/29



Given I(t) = / R(z,t)dz, how to compute L such that L] =07?
vy

Write R = a/f? with a, f homogeneous polys, f squarefree, and ¢ € Z,
R = {rational functions of the form b/f‘}.

d
Then, LR = Z@Z(Bl) for B; € Rf — L (/ R(z,t)dz) = 0.
i=0 gl
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Given I(t) = / R(z,t)dz, how to compute L such that L] =07?
v
Write R = a/f? with a, f homogeneous polys, f squarefree, and ¢ € Z,

R = {rational functions of the form b/f‘}.

d
Then, |LR = Z@Z(Bl) for B; € Rf — L (/ R(z,t)dz) = 0.
i=0 gl

Idea
Find [] : Ry — Ry which
1. Is C(¢)-linear
2. Has [R]| =0 <= R=),0:(Cy), Ci € Ry
3. Has all [0f R], k > 0, contained in finite-dimensional vector space.

Then, for large enough m,

S ax®)PFRI=0 = L= ax(t)d; works.
k=0 k=0

24/29



The Griffiths-Dwork reduction, denoted [-]ap, uses a Groebner basis for

(]EL(Z( jr) = (i?()bf, O1f,...,0a ]?) to:
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The Griffiths-Dwork reduction, denoted [-]ap, uses a Groebner basis for
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e Decompose a =1 + Zb-@-f

e B ()

\........~v,......./
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o Write R:%—}—qlzab Z@( fq 1)

—_——
Ry

o Define [R]gp = [Ri]ep, iterate on Ry.
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The Griffiths-Dwork reduction, denoted [-]ap, uses a Groebner basis for

Jac(f) = (o f, 01 f, ..., 0af) to:
e Decompose a =1 + Zb-a-f

o Write R:%—}—qlzab 28( fq 1)

—_——
Ry

o Define [R]gp = [Ri]ep, iterate on Ry.

Theorem [Dwork '62, '64, Griffiths '69]

When Jac(f) is smooth in P?, this works! (l.e., []ap satisfies properties 1 - 3).

25/29



How do we extend to the nonsmooth case?

In general we must account for nontrivial syzygies between derivatives.
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How do we extend to the nonsmooth case?

In general we must account for nontrivial syzygies between derivatives.

Theorem [Lairez '16]

One can construct spaces W, which capture nonsmooth relations and stabilize

for 7 large enough. Gaussian elimination modulo W, gives a “good” reduction.

So, we have an algorithm.

Conjecture [Dimca '91, Lairez '16]

Let 7 be the minimal 7 for which the spaces W stabilize. Then, rr < n+4 1.

Proving the conjecture would allow for an algorithmic analysis.
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SagePeriods: Other features

« Improved reduction [];. from Lairez, using dimension-reduced spaces X .
o Modular computation: C(t) — F, — F,(t) pees C(t).

eval interp
e Handling of non-main diagonals via root of unity filter.

e Full API documentation plus webpage:

§  sagePeriods

Q search  cmex

 sage-periods: A Reference Manual
SageMath Package to
Compute Rational
Dlagonals and Periods ) .
sage_periods. picard_fuchs
[0 Reference Manual
s suens Main functions to compute anniniating D-finte operators for diagonals and periods.
compute_diagonal_anniia
tor compute_diagonal_annihilator(R, r=None, vari=None, Dt=None, t=None)

compute_period annihiato Given a symboiic rational function (1, ..., ), compute a D-fnte equation annihiating the r-diagon of R

‘compute_homogenization INPUT:

compute_prepared_fractio
n « R = Arational function, sither an element of Symbolicking or the Fraction Field of a Multivariate Polynomial Ring.

‘compute_gauss_manin_co « -~ (Optional) A vector of integers specifying the direction of the diagonal, taken as the all ones vector f not specified.
nnection
- « vari - (Optional) A vector of all variables appearing in R , used to fx the order of the variables for computation. Taken as
- Rovartastes() if not specified.
RhamKoszulData

« ot - (Optional) The name for the differential symbol in the output, taken as ot by default

_init_
GO « t - (Optional) The name for the variable in the output, taken as t by dafault.
basis_syzygies oUTPUT:

exterior_derivative
« L An element of the differential orealgebra In t and Ot that anninilates the r-diagonal of R or,if ore_slgebra is not
elementary_reduction_step

available, an element of the 0repolynostalaing over qqlt] with derivation symbol 0t
basis U

hom reduce EXAMPLES:
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SagePeriods:

Computation of certificates
Heuristics:

« diagonal pivot entry
« toric COV,
« variable order

Syzygy profiling
Smaller operators using
algorithmic guessing

Interfaces to & parallel
implementations for other
software (M2)

Multiprocessing

Automate computation of
connection coefficients

Algebraic periods

Incorporation into sage_acsv

ACSV Error Bounds:
(Re)-implement bounds in Sage
Test practicability on examples

Use bounds & code to solve open
positivity problems in the
literature.
Compare to other methods of
proving positivity:

« Cylindrical Algebraic

Decomposition
« Contracted Cones
« D-finite approach
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Thank youl!
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